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Four operators on polynomials

The group St = |J,,>1 Sn acts on R = Z|f]|x1, z9, ... | by permuting the variables: s; exchange
r; and z;,1. Define the following operators on R, where an element f € R (or its fraction field)
denotes the operator of left multiplication by f.

0; = (v, — iy 1) (1 —s)

T, = 5’25132
o = 0,1+ Bri)
All satisty the braid relations for S..
Eight polynomials

Let wén> c S, be the long element. For w € S, the Grothendieck polynomial is defined by

[LasSc]
(n)

58 _ x?_lxg_Q coxp— ITw = w
WY 5(8) g5 () : .
0" Bys; T ws; > w.

The Schubert polynomial &, is defined by

let @ = (ap,a9,...) be a composition (sequence of nonnegative integers, almost all 0). The
Lascoux polynomial 2&5) is defined by [Las]

2(@ B x® if o Is a partition
‘o WZ(B)SFS@ It a; < Qlj41.
The Demazure character k,, is defined by
Given a composition a = (aq,...,ap) € Z’%O let o be the unique partition in the S,,-orbit of

a. We may symmetrize the four polynomials above via operators m(fo) and my,. We get four

polynomials that are symmetric in the x variables.

Ty (La) = Gfﬁ)(m, o Tn)

Grassmannian Grothendieck symmetric functions

Twy(Ka) = 84+(T1,- - -, Tn) Schur functions
%E@(@w(x)) = Gul(x1,...,2n) Grothendieck symmetric functions
Twy(Gw(T)) = Fu(z1, ..., o) Stanley symmetric functions
The relationships between these eight polynomials can be summarized as follows.
(8) (8)
Tw T
o) ™, o) o) T o
5=0 =0 B=0 B=0

Suw T > Fly Ko Tar > S5y

Each polynomial in the first diagram can be expanded into corresponding polynomials in the sec-
ond diagram. The focus of this poster is expanding (’5506) into S&m.

Hecke words

Let be ZZ , be the free monoid of words in alphabet Z.

X .
L2y acts on Sy

| siw if L(s;w) > L(w).
Low = .
w otherwise.

Let [bjg :=0boid € S4. For instance, [3124| g = |3142| g = [31424] = 31524.

Increasing and Decreasing tableaux

A tableau is increasing (resp. decreasing) if each row and column is strictly increasing (resp. de-
creasing).

The column reading word of a tableau P, denoted as col(P), is obtained by reading the entries of
P from left to right and bottom to top within each column.

Fach increasing tableau P is associated with a weak composition, denoted as K_(P). Each de-
creasing tableau P is associated with a weak composition, denoted as K4 (P). They can be com-
puted using K-theoretic jeu-de-taquin of Thomas and Yong [TY].

Grothendieck-to-Lascoux expansions (decreasing version)

Our main result is the following. Let w be a permutation. Then its Grothendieck polynomial
055,}@ can be written as

s\ = S QQ(P) goum (K (P))—(w).
P

where the sum is over all decreasing tableaux P such that [rev(col(P))|g = w.

For instance, when w = 31524, P can be:

4131 4|3 4131
2 211 21

Then K. (P) are 301, 202, and 302. Thus, 8L, = £2) 1 eld) | 3eld)

Grothendieck-to-Lascoux expansions (increasing version)

Reiner and Yong conjecture [ReY]:
@1(1}5) _ Z g([?zuj)ﬁsum([(qp))—f(w)’
P

where the sum is over all increasing tableaux P such that [col(P)| g = w.

For instance, when w = 31524, P can be:

1124 1|2 11214
3 314 314

Then K_(P) are 301, 202, and 302. Thus, 6&?%24 = 2%% + 2%% + Bﬁé@, which agrees with the
pDrevious version.

We established this conjecture by building a bijection from decreasing tableaux to increasing
tableaux: P — PF. It satisfies K4(P) = K_(P*%) and [rev(col(P))] g = [col(PH)] .

Four expansions

Our expansion fits into a family of four expansions, involving the eight polynomials. In the follow-
ing picture, the four dashed arrows represent expansions. Red arrows represent symmetrization
and blue arrows represent setting 5 = 0.
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= Fy, into sy: Edelman and Greene [EG] established this expansion via a Schensted-type
insertion algorithm for reduced words, called Edelman-Greene insertion.

= G, INto Kot The expansion was found by Lascoux and Schitzenberger and proved in [RS].

" G,SU@ INnto Gg\ﬁ): This expansion was established by Buch, Kresch, Shimozono, Tamvakis, and
Yong [BKSTY] via Hecke insertion. Hecke insertion takes Hecke words as input, generalizing
the Edelman-Greene insertion.

- 05/5?) into 2&6): This expansion is the topic of this poster. It is also established using the Hecke
insertion.
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