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Random even subgraphs
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Random even subgraphs
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Even subgraphs are a subspace

EC If ( also called the)
cycle space



Random even subgraphs
One way to pick a uniform He E

:

• fix a basis B for E

• take independent uniform E. c-{0,1}
• Take H=EEibi



Random even subgraphs

what if G is infinite ?
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Random even subgraphs

what if G is infinite ?
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Random even subgraphs

what if G is infinite ?
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Random even subgraphs

what if G is infinite ?

I



Random even subgraphs
Free limit

• Take Gnc G finite
,
GnG

• Let Hn can be a unit
. even subgraph

• Take the limit 1in dist . ) it Hn
.

Thru the limit exists
.
does not depend

on the choice of exhaustion
.



Random even subgraphs
Wired limit
• Take Gnc G finite

,
GnG

- Let GE be G with all of G- Gn
contracted to a single vertex .

I
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Random even subgraphs



Random even subgraphs
Wired limit
• Take Gnc G finite

,
Gn G

- Let GE be G with all of G- Gn
contracted to a single vertex .

• Hnc Git unit. even subgraph . .

- take distrib .

limit:



Random even subgraphs
Thru the free and wired even

subgraph limits exist
,
do not

.

depend
on the choice of exhaustion

.

Note The limits may be equal or not .
It is not always obvious which

.



Generating even subgraphs

Ef = free
'

even subgraph space,

spanned by cycles .

Ew-- wired even subgraph space, includes
also doubly infinite paths.

I



Generating even subgraphs

e.g. G- reg. tree : E£={ ∅}

ET include, paths : ✗
^^kmHHn



Generating even subgraphs

e.g. G- reg. tree : E£={ ∅}

ET include, paths : ✗

e. g. G=ñ : kÉ,
IS E' = Ew ?



Factors of iid
'

consider processes (✗ Inez , NEI
.

✗ is a factor of * if there is

a tone
. Y s.li

. ✗= YCY) and if
is translation equivariant :

p( shift# = shift (KY))



Factors of iid
'

If (Yn ) are iid and ✗ is a

factor of Y we say ✗ is a

factor of iid (Fll D)
.

i



Factors of iid
'

examples: ✗n={
I % > Yn#
O Yu ≤ Ynet

✗n=max(Yn-i.hn?n+i)Xn--{
I Ynem≤ Ynelml Fm

0 if not
.



Factors of iid
'

Finitary factor : reveal terms one by one ;
at some finite time ×

.
is determined

.

✗n= max / You , Yn ,Yn+i )

✗ n= {
I Yntm ≤ Yn Hml Vm

0 if not
.

(◦tfintary)



Factors of iid
'

Major problem : understanding which

processes are factors of others , and
what properties can the factor maps
possess. .



Factors of iid
'

factors are of interest on any

graph G : ☒Drea is a proc .

✗ =Y( Y) with ✗ equivariant.

note : X
,
Y can live on edges

or vertices or both .



Factors of iid
'

e.g. let G-22 .
Let Hee

' include

each edge independently with prob. p.
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Factors of iid
'

e.g.

let G-22
.
Let HEI include

each edge independently with prob. p .
• • • • • • • Colour each
co a • do 0 a 9

• • . • . • .
Cluster "

a./•

o o • o • . • by
'

a coin

o u o e • • • toss
,



Factors of iid
'

e.g.

let G-22
.
Let HEI include

each edge independently with prob. p .
• • • • • • •

• Colour each
co a • do 0 a 9

• • . • . • .
Cluster "

a./•

• • • o • . .
• forget the

• . ◦ e • . • edges
,



Factors of iid
'

. . • • • • •

co a • do 0 a 9

✗
✓

= colour of v.
A 0 a a × d •

Is ✗ a factor of iid ? • • • • . . .

b u o E & w o

r



Factors of iid
'

•

. • • • • • •

co a • do 0 a 9

✗
✓

= colour of v.
A • a & ✗ d •

Is ✗ a factor of iid ? • • • • . . .

b u o E & w 0

If papa all clusters are finite ⇒ YES

If P > Pc there is an a cluster ⇒ No .



Factors of iid
'

¥: what about the same model on

other graphs ?
-

If there are no • clusters : YES

unique • cluster : No
.

• many • clusters
: unclear

.

(open in general )



The Ising model (magnetism, 1920's)

configuration • E- {-1-1}
"

distrib.pk)aeP€y&%

P > Pc 13--13, Pepe



The king model

configuration • E- {-1-1}
"

distrito
. phone PÉy&%

On an infinite graph we can take

free or wired limits µ!- .

+

+ ++ + + + +

+
+ +

+ tµ+ : limit with +
+ +

+ t
+ f-boundary and. + +
+

+

++ + + + t



The Ising model
-1hm IOrnstein -Weiss ; Adams ) µ is FIID for FP

(on any amenable graph) .

Harel - SpinKa : This holds for "monotone "

models
.



The king model
-1hm /Ornstein -Weiss j Adams ) µ is FIID for KP

(on any amenable graph) .
Thin Iran den Berg - steif) on 2d

, µ is FFHD

it and only if µ+=µ
-

( i. e. P≤ Pc )

Key obstacle : Large deviation probabilities :

µ / more - in [n] d) ≥ exp /- end
- ')

but for FFHD it must be ≤ exp 1- end)
.



The king model : Beyond 2d .
On the regular tree Id :

FIID VP
•µ
"

is a
up if µ=µ

FFIID for p> P. (Hard - Ray - Spinka)

a FFIID if tan P<¥,
(uniqueness)

•Mt is {not FFIID if tanp >¥,
(reconstruction)

a FIID it tanp ≤ ddt>¥ , (Nam-Sly-Zhang)



The king model : Ising gradient
let WE {

I 9=19
0 %=Qy .

On Id
,
④ is FFIID for all P ( Ray - Spinka)

requires new methods since it is

not a monotone model .

A. - Ray - Spin Ka : also on planar lattices .



Fk- Ising and Edwards - Sokal

On a finite graph, FK ising meas
.

on {o.BE

P(w) £ popenlwlg-pjcbsedtwzcl.us/-ersCw1
The free and wired limits are tf

,
low



FK- Ising and Edwards - Sokal

On a finite graph, FK ising meas
.

on {o.BE

P(w) £ popenlwlg-pjabsedktzcl.us/-ersCw1
The free and wired limits are tf

,
low

Hagstrom - Jonasson - Lyons : to? tow are FIID

Harel- SpinKai. If #=P then FFIID

if
. tow#pf then ∅

" 'not FFHD (extra cond.)

.



Fk- Ising and Edwards - Sokal

on a finite graph, FK ising meas
.

on {o.BE

P(w) £ popenlwlg-pjcbsedtwzcl.us/-ersCw1
Edwards - Sokal : Assign each cluster in w a sign
to getting .

¥-11T



FK- Ising and Edwards - Sokal

On a finite graph, FK ising meas
.

on {o.BE

p(w) £ popenlwlg-pjcbsedktzcl.us/-ersCw1
Edwards - Sokal : Assign each cluster in w a sign
to getting .

Ft
.

¥
.



FK- Ising and Edwards - Sokal

On a finite graph, FK ising meas
.

on {o.BE

p(w) £ popenlwlg-pjcbsedktzcl.us/-ersCw1
Edwards - Sokal : Assign each cluster in w a sign
to get Ising . • . . . .

Ah q ' N .

* A fan a •

a e u C J

r - r ' ☒



The loop 011) model

Meat
.

on config. RE {0,1}£W
'

'

Parameters ×
, y≥o ✗= tanhp y=tanhh

On finite graph :
pm aime'yE"" herein

Tha : free and wired limits exist :p? pw
.

Special case : ✗=L ,y=o : unit. even subgraph .



The loop 011) model

Thm_ It . - Ray - Spinka) for ×,y c-Gil , P
"

is FHD

unless (✗⇒ and y=o and G is 2- ended)



The loop 011) model

Thm_ It . - Ray - Spinka) for ×,y c- [oil , P
"

is FIID

unless (✗⇒ and y=o and G is 2- ended)

Th_m(A - R-S) Pf is FIID '

in
many cases :

• Y >0

• G amenable or planar .

• lot has <a geodesic cycles through e
cs-nj.pt is always FIID



The loop old model

Aizenman - Dvminil - Cop in - Sidoravicivs :

Loop 0111 L JFK king p=¥× q=¥,y

Given a Loop 041 config .
,

add each edge(rat.)
with prob. ✗ (y) to get FK Ising .

Given FK Ising, take a uniform even subgraph
⇒ loop ◦a) can be a factor .



Generating even subgraphs
want H= [ Eibi for some spanning set

of Ef or Ew
.

* This is only defined if { bi } is locally finite .
* For a factor

,
want { bi} to be chosen

" invariably " .
e.g. If G is planar , the faces span Ef .



Recall : ☒a ray is an a simple path .

☒ 2 rays are equivalent if tf finite sets
they are eventually in same component
of Gls

.

④ An end is an equivalence class of rays .
e.g. I

,
É
, Trees



A tree TCG is end -faithful it ends of -1

are en bijection with ends of G.

Claim : If T is an end faithful spanning tree

then it gives a locally finite spanning sett
for Ef

.

e¢T ⇔ Ce cycleII.



Timur ! G amenable
,
Unimodular

,
one - ended then

G has a one -ended sp. tree as a FUD
.

Benjamin i - Lyons- Peres - Schramm : 2 ended

Qn_ : what if G has * ends ?



Generating Ew
Let F be a spanning forest with 1-ended

trees
.

For eotf define Ce

extend e to a cycle
or hi- infinite path in F. ←¥•§The Wbf is such a forest

,

and is a FIID
.



THANK YOU


