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Generating series of permutations and matchings

© |Representation theory of the symmetric group|
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p : the Schur function associated to the partition 6, expressed in the power-sum bases
P:= (pi)i>1;9:= (¢i)i>1;1 = (1i)i>1-
— 1A
AT
ﬂ/l),f,,, := |{(o1,02) of type (u,v) such that o1 - 02 = o) }|, where o) is a fixed
permutation of type A.
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permutation of type .

Proof:
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The coefficients ",/f,“,, also count \‘\ ;
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maps on orientable surfaces

A map on the torus
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Generating series of permutations and matchings

@ Goulden-Jackson '96 [Representation Theory of the Gelfand
pair (&ay,, B,)|

dim(26) o
y = N D e
t |20|' Z@(P)ZO(Q)ZG(I') - t" Z}\2é()\)p>\QMTVa
(4 n>0 A, p,vEn

Zy : the zonal polynomial associated to the partition 6,
Y5, = {matchings 6 of type (u,v) with respect to A}|.
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Generating series of permutations and matchings

@ Goulden-Jackson '96 [Representation Theory of the Gelfand
pair (&ay,, B,)|
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n>0 A, p,vEn

Zy : the zonal polynomial associated to the partition 6,
Y5, = {matchings 6 of type (u,v) with respect to A}|.

a generalization of permutations

//)< >< bipartite matchings «— permutations

A matching of size 8.
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Generating series of permutations and matchings

@ Goulden-Jackson '96 [Representation Theory of the Gelfand
pair (62717 EBn)]

dim(26 n Vi
th'#Ze(P)Ze(Q)Ze(r) =y "> mp,\q/ﬂ“w

(4 n>0 A, p,vEn

Zy : the zonal polynomial associated to the partition 6,

Y5, = {matchings 6 of type (u,v) with respect to A}|.

a generalization of permutations

//)< >< bipartite matchings «— permutations

A matching of size 8.

The coefficients ~

Y u ., also count maps on

general surfaces (orientable or not)

A map on the Klein bottle
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Jack polynomials

We consider the following deformation of the Hall scalar product (.,.), defined
on symmetric functions by

<p)\,p/.t>b = 5)\;LZA(1 + b)é(/\)'
Definition

Jack polynomials of parameter 1 + b, denoted Jg(b) are defined as follows :

@ Triangularity and normalisation: if 6 - n, then

(b) _ E :
J9 = UG Ty s
pbn,p <0

such that ug;in) = n!.

(dominance order p < 6 : 1 + po + ... + i < 01+ 6. + 6; Vi)

@ Orthogonality: if 6 # & then (J5", J{")y = 0.
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Jack polynomials

We consider the following deformation of the Hall scalar product (.,.), defined
on symmetric functions by

(Prs D)y = Oapza(1 + b)Y,
Definition

Jack polynomials of parameter 1 + b, denoted Jg(b) are defined as follows :

@ Triangularity and normalisation: if 6 - n, then

(b) _
Jy ' = E UMy
pbn,p <0

such that ugin) = n!.

(dominance order p < 6 : 1 + po + ... + i < 01+ 6. + 6; Vi)

@ Orthogonality: if 6 # & then (J5", J{")y = 0.

@ For b = 0 — Schur functions Jéo) = dilr?ll(!g) S6.

@ For b =1 — Zonal polynomials Jél) = Zy.
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The connection coefficients cﬁ 5

e ()

i (1-+b) (1+b) (1+b
Ty (p) =y tr Y e apagr
.(1+4b) 70 0 (N v,
9ey Jé ) n>0  Auvkn (140

Houcine Ben Dali Integrality in Matching-Jack



The connection coefficients cﬁ ,

ocY -79 n>0 A p,vkEn

b=0

c;\w(()) = |{(o1, 02) of type (u, V) such that o1 - 09 = o)}

= |{bipartite matchings ¢ of type (u,r) with respect to A}|.

oy: fixed permutation of type A.

tol iy (140) l+b n Cﬁu(b)
e P (@ =21 D P

¢, (1) = |[{matchings § of type (u,v) with respect to A} .
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Matching-Jack conjecture [Goulden and Jackson "96]

An "algebraic" formulation

The coefficients Cﬁw are polynomial in the parameter b with

non-negative integer coefficients.
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Matching-Jack conjecture [Goulden and Jackson "96]
An "algebraic" formulation

The coefficients c,’)’y are polynomial in the parameter b with

non-negative integer coefficients.

A combinatorial formulation

For every A = n there exists a statistic 1/ on matchings with
non-negative integer values, such that:

@ U,(6) =0 iff 6 is a bipartite matching.
e For every p,vkEn

e, (b) = > b0,

matchings & of type (u,v)
with respect to A
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Partial results and main theorem

Definition of Jack polynomials + basic properties of power-sum
functions: the coeflicients cf;},/ are rational functions in b.
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Partial results and main theorem

Definition of Jack polynomials + basic properties of power-sum
functions: the coeflicients cf;},/ are rational functions in b.

Theorem (Dolega-Féray '15, Duke Math J.)

The coefficients c;),l, are polynomial i b with rational coefficients.
Moreover, deg(c;,,) < rk(p) +rk(v) — rk(}).

where rk(\) 1= |[A| = £(A).
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Partial results and main theorem

Definition of Jack polynomials + basic properties of power-sum
functions: the coeflicients ci‘W are rational functions in b.

Theorem (Dolega-Féray '15, Duke Math J.)

The coefficients c;)’l, are polynomial i b with rational coefficients.
Moreover, deg(c;,,) < rk(p) +rk(v) — rk(}).

where 1k(\) 1= |A| — £()).
Main theorem (BD ’22) J

. )\ . . . S . .
The coefficients c, , are polynomial in b with integer coefficients.

-+new proof of the polynomiality
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Starting point of the proof: Matching-Jack conjecture for
A

w,m

Fix A\, u Fn and m < n. We define E;);,m = Z Cﬁ,u'
Lv)=m

marginal coefficients ¢

Theorem (BD 21)

For every A - n there exists a statistic v, with non-negative integer
values, such that:

@ U,(0) =0 iff 6 is a bipartite matching.

o For every pt=n and m <n

Thnl0) = > b0

matchings 6 of marginal type (w, m)
with respect to A

based on the work of Chapuy and Dotega 20 on the b-conjecture
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Scheme of the proof

A

Integrality for the marginal coefficients ¢}, ,

The associativity property

A

Integrality for the coefficients ¢, ,

@ The associativity property: a system of linear equations
relating C;\w to Eim

Houcine Ben Dali Integrality in Matching-Jack 9/14



Scheme of the proof

A

Integrality for the marginal coefficients ¢}, ,

The associativity property

The Farahat-Higman algebra

A

Integrality for the coefficients ¢, ,

@ The associativity property: a system of linear equations
relating Cl/\w to Eim

© The Farahat-Higman algebra: This linear system is invertible
in Z.
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The associativity property and a system of linear equations
Jack polynomials orthogonality

A P
= Zcu,ﬁcip = an’pcﬂ’y for \, p,v,pkmn > 1.
KEn Okn
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The associativity property and a system of linear equations
Jack polynomials orthogonality

A K A0
- g CunCop = g Co.pCup  for Apv,pbn>1.
kkn oFn

Combinatorial interpretation for b = 0: Fix oy of type A. Two ways to
enumerate the decompositions o) = o1 - 09 - 03 of type (u, v, p):

ox =01 (02 03) = (01 -02) 03
—_——

of type k of type 6
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The associativity property and a system of linear equations

Jack polynomials orthogonality

:>Zcun ZCG/JMV for \, p,v,pkn > 1.

Kkkn OFn

Fix m < n. Taking the sum over p of length m we get:

ZC#K Com chm Cuvs Ay Emnand m<n.

kkn oFn
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The associativity property and a system of linear equations
Jack polynomials orthogonality

:>Zcun ZCG/JMV for \, p,v,pkn > 1.
Kkn Okn

Fix m < n. Taking the sum over p of length m we get:

E C#K vom E Cem u,}, A, v Enand m < n.
rkn OFn

We prove by induction on the rank of « that cﬁh has integer
coefficients for A\, utn :
@ We fix a rank r and two partitions A and p.

@ We choose (v, m) in order to select partitions s of rank < r.
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The associativity property and a system of linear equations
Jack polynomials orthogonality

:>Zcun ZCG/JMV for \, p,v,pkn > 1.
Kkn Okn

Fix m < n. Taking the sum over p of length m we get:

E C#K vom E Cem u,}, A, v Enand m < n.
rkn OFn

We prove by induction on the rank of « that cﬁh has integer
coefficients for A\, utn :
@ We fix a rank r and two partitions A and p.

@ We choose (v, m) in order to select partitions s of rank < r.

Recall:
deg(cy,,) < n—m+r1k(v) —rk(k). J
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The associativity property and a system of linear
equations

We denote by T (n,r) the set of such pairs (v, m):
T (n,r) := {(v,m) such that rk(v) + n —m = r and rk(v) < r}.
For (v,m) € T(n,r):

N —k . . . . . .
E €, xCy m 18 @ polynomial in b with integer coefficients.

rk(k)=r —_
|_) top connection coefficients
independent from b
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The associativity property and a system of linear
equations

We denote by T (n,r) the set of such pairs (v, m):

T (n,r) := {(v,m) such that rk(v) + n —m = r and rk(v) < r}.
For (v,m) € T(n,r):

E cf;’,{El’im is a polynomial in b with integer coefficients.
rk(k)=r — )
|_) top connection coefficients
independent from b

A ] n
) ¢” are the "unknowns".
= A linear system { _kor

Cy. ., are the coeflicients of the system.
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The associativity property and a system of linear
equations

We denote by T (n,r) the set of such pairs (v, m):

T (n,r) := {(v,m) such that rk(v) + n —m = r and rk(v) < r}.
For (v,m) € T(n,r):

N —k . . . . . .
E €, xCy m 18 @ polynomial in b with integer coefficients.

rk(k)=r — )
|_) top connection coefficients
independent from b = ¢, . (b) =7}, (0)
A n n
. ¢’ . are the "unknowns".
—> A linear system { HoF

-k

cy. . are the coefficients of the system.

Step 2: We prove that this linear system is invertible in Z using a
new connection with the the Farahat-Higman algebra.
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The Farahat Higman algebra

Forvkn
C, = Y o €Z(C6).

o€ 6y
type(oc) = v

{Cy;v I n} form a basis of Z (C[G&,]).
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The Farahat Higman algebra

Forvkn

C, = > o €Z(C[S,)).

o€ Gy
type(oc) = v

{C,;v F n} form a basis of Z (C[G,]).
Recall:

C,-Cp= > ek (0)Cs

kEn

rk(r) < rk(v) + rk(p)
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The Farahat Higman algebra

Forvikn
C, = > o €Z(C[S,)).
o €6y
type(oc) = v

{C,;v F n} form a basis of Z (C[G,]).

Recall:
C,-Cp= > c,p(0)Cx

kbEn
rk(x) <1k(v) + rk(p)

We pass to the graded algebra Z,,, spanned by {C,;v F n} and in which the
multiplication is given by

KFEn
rk(k)=rk(v) + rk(p)

2 the vector space spanned by {C,;vF nand rk(v) =r}.
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The Farahat-Higman algebra

Fact: The marginal coefficients ¢} ,, encoding the linear system are structure
coefficients/change of basis coeffcients in Z,:

for (v,m) € T(n,r) and & of rank r

S =lClC (Y ¢)

L(p)=m
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The Farahat-Higman algebra

Fact: The marginal coefficients ¢} ,, encoding the linear system are structure
coefficients/change of basis coeffcients in Z,:

for (v,m) € T(n,r) and & of rank r

S =lClC (Y ¢)

L(p)=m
Theorem (BD 21)

The family C,, * (Zz(p):m Cp) for (v,m) € T(n,r) is a Z-spanning family of

,(f). By consequence, the system encoded by (E;m) is invertible in 7Z.
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The Farahat-Higman algebra

Fact: The marginal coefficients ¢} ,, encoding the linear system are structure
coefficients/change of basis coeffcients in Z,:

for (v,m) € T(n,r) and & of rank r

S =lClC (Y ¢)

L(p)=m
Theorem (BD 21)

The family C,, * (Zz(p):m Cp) for (v,m) € T(n,r) is a Z-spanning family of

,(f). By consequence, the system encoded by (E;m) is invertible in 7Z.

@ (Farahat-Higman) Stability by adding parts of size 1:

=k _ =kUL"
Com = CoUin mtny fOrn>1

= we pass to the projective limit Zég) = T&nZ,(f)
(the graded Farahat-Higman algebra).
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The Farahat-Higman algebra
Fact: The marginal coefficients ¢} ,, encoding the linear system are structure
coefficients/change of basis coeffcients in Z,:

for (v,m) € T(n,r) and & of rank r

S =lClC (Y ¢)

L(p)=m

Theorem (BD 21)

The family C,, * (Zz(p):m Cp) for (v,m) € T(n,r) is a Z-spanning family of

,(f). By consequence, the system encoded by (E;m) is invertible in 7Z.

@ (Farahat-Higman) Stability by adding parts of size 1:

T = Totn gy forn >1

—> we pass to the projective limit Zg) = I'&nZ,(f) @y

(the graded Farahat-Higman algebra). (€e)or e (Br)rr
@ Use two other bases of Z,(f) introduced by Farahat- Mo £

Higman and Matsumoto-Novak. (Faaer o (W)er
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Thank You!

Houcine Ben Dali




