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Context

&, acts on S* equipped with the Kazhdan-Lusztig basis KILy = {Ct | T € SYT())}.

Theorem (Berenstein-Zelevinksy, Stembridge, Mathas, ‘90s)
If X\*= n is arbitrary:
wo - Cr = £Coy(7)

Theorem (Rhoades, 2010)

If A+ n is rectangular:

C- CT = :thr(T)

Separable Permutations and the KL Basis 2/10



Non-rectangular Case

_ 1[3[5] [1]2]5] [1]3]4] [1]2]4] [1][2]3]
KL = (24 »[3]4] 0 [2]5]  [3]5]  [4]5

00 0 — 0 00 0 + 0

o 0 — 0 O 0 0 + 0 O

[clkr=1]0 0 0 0 - [prlk, =10 0 0 0 +

+ 0 - 0 - + 0 0 0 0

o + 0 — 0 0 + 0 0 O
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Non-rectangular Case

KL =

0
0
[c]lkL = |0
+
0

0
0
[43512]KIL = 1|0
0
+

1[3[5] [1]2]5] [1]3][4] [1]2]4] 2[3]
214 > [3]4] 7 [2]5] 7 |3 5

0 0 — 0] [0 0 0 + 0]
0 — 0 O 0 0 + 0 0
0 0 0 — [pr]xL 0 0 0 0 +
0 — 0 - + 0 0 0 O
+ 0 — 0] 0 + 0 0 0
0 + — +] [0 0 + 0 0]
0 0 0 + 0 0 0 0 +
0 0 — + k=10 0 0 + o0
- 0 0 + 0 + 0 0 0
- 0 0 0] [+ 0 0 0 o0
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Main Result

Theorem (G., Yacobi)
Fix A = n arbitrary.

c- Cr =pr(£Cr +1lo.t)
where Cg < Ct when sh(9(R)) < sh(9(T))

Theorem (G., Yacobi)

Fix A = n arbitrary. Let w € G, be any separable permutation.

w- Cr = pu(£Cr +lo.t.)

for a unique bijection y,, and some order <,, on KIL).

(FPSAC 2022) Separable Permutations and the KL Basis 4/10



Separable Permutations

J=eo——0—0—e—0=e w longest element of &

The separable permutations (OEIS A006318) are equivalent to the following:

+
2413 T W= Why oo W,
- for chains
3147 T
VA VAN h DDk
4 5 3 2
1= x—+v1—06x+x?
Z sep(n)x" = 5
n>0
Fern Gos: FPSAC 2022) Separable Permutations and the KL Basis

5/10



The long cycle

Set &, :=(s1,...,5n—2) 2 S,_1. Then ¢ = wow,.

_ 1[3]5] [1]2]5] [1]3]4] [1]2][4] [1]2]3]
K}]“_(24 * 1314 7 [2]5] 7 [3]5] ' |4]5

[+ 0o - 0 -

0 + 0 — 0

[wilg,=10 0 0 0o -

00 0 — 0

00 — 0 0

In fact, (KL) = S(2) and (KL) = (KL)/(KL) 2 S31) as &,_; representations.
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The long cycle

Set &, :=(s1,...,5n—2) 2 S,_1. Then ¢ = wow,.
_ 1[3]5] [1]2]5] [1]3]4] [1]2][4] [1]2]3]
K}]‘_(24 * 1314 7 [2]5] 7 [3]5] ' |4]5
[+ 0o - 0 -
0 + 0 — 0
[wilg,=10 0 0 0o -
00 0 — 0
0 0 — 0 0

In fact, (KL) = S(2) and (KL) = (KL)/(KL) 2 S31) as &,_; representations.

wy-Cr = eVJ(:ECT + l.O.t.)
= c-Cr =evoevy(£Cr +lo.t.)

and ev o evy turns out to be pr!
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Action of G

Suppose & = 63 x Gy X G4. Write T = [T1 T, T3]

1/2]6 1[2] 6] _ = 69|
3(4[7]= | [3] 7] | = %E 7]
589 [8]9 - 8

Theorem (G., Yacobi)
Suppose Cr appears in G- Cy. Then
@ sh(Rk) <X sh(Tx) for all k
o If all equalities, sh(rect(Ry)) =< sh(rect(Tx)) for all k
o If all equalities, R ~ Ty are dual equivalent for all k
This order gives a filtration 0 C S§ C --- C S} = S* over KL, which is Jordan-Hélder for & .
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Example

)\:(3,2,1) and 6J§63X63
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Action of w;

Irreps of &, are SM @ - @ SHm, and wy - (Cry @ -+ ® C7,,) = £Coy(11) @

11216 ectity . [2]2] [4] (&1
3|47 > 13 l
5|89 — 18]
EWJ lev
-
11317 ‘unrectify’ 1[3] 67
+ (2|48 < > 8]
5169 — 9]
+ lo.t
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Bonus: Useful Trick

—
o
~
©

Fix Q=12

(6]
(o]

—Cr jED(T)
si-Cr = _ :
{CT+ZM(R, T)Ck j¢D(T)

Proposition (G., Yacobi)

Take wp = (R, Q) and wr =5 (T, Q) so f(R, T) := i(wg, wr)
e wg = col(R) and wy = col(T)
o wg<wyr = R=T
Let R=[R1 -+ RpJand T =Ty --- Tp] be the &, decompositions
o sh(Rx) =sh(Tx) forall k = wg € S wr
o If {i| Ri # T;} = {k}, then (R, T) = fa(col(Rx), col( Tk))
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