Multi-grounded partitions and character formulas

Jehanne Dousse, Isaac Konan

Institut Camille Jordan, Université Claude Bernard Lyon 1

FPSAC 2022, July 18.
Published in Advances in Mathematics, 400 (2022), 108275.

1/16

Jehanne Dousse, Isaac Konan Multi-grounded partitions and character formulas



Overview
What do we compute?

2/16



Overview
What do we compute?

Characters of standard modules

2/16



Overview
What do we compute? What are the existing methods?

Characters of standard modules

2/16



Overview
What do we compute? What are the existing methods?

Weyl-Kac character formula

Not obvious that the coefficients are non-negative

Characters of standard modules

2/16



Overview
What do we compute? What are the existing methods?

Weyl-Kac character formula

Not obvious that the coefficients are non-negative Principal specialization

N
Characters of standard modules

2/16



Overview
What do we compute? What are the existing methods?

Weyl-Kac character formula Vertex operators

Not obvious that the coefficients are non-negative

Principal specialization Forbidden patterns

e
Characters of standard modules

2/16



Overview
What do we compute? What are the existing methods?

RR-type identities

Product side

Vertex operators

Forbidden patterns

Weyl-Kac character formula

Not obvious that the coefficients are non-negative Principal specialization

e
Characters of standard modules

2/16



Overview
What do we compute? What are the existing methods?

RR-type identities

Product side

Vertex operators

Forbidden patterns

Weyl-Kac character formula

Not obvious that the coefficients are non-negative Principal specialization

e
Characters of standard modules

Sum indexed by A-paths

Perfect cristals — (KMN)? ‘

2/16



Overview
What do we compute? What are the existing methods? What do we bring to the table?

RR-type identities

Product side

Vertex operators

Forbidden patterns

Weyl-Kac character formula

Not obvious that the coefficients are non-negative Principal specialization

e
Characters of standard modules

Sum indexed by A-paths

Perfect cristals — (KMN)? ‘

2/16



Overview
What do we compute? What are the existing methods? What do we bring to the table?

RR-type identities

Product side

Vertex operators

Forbidden patterns

Weyl-Kac character formula

Not obvious that the coefficients are non-negative Principal specialization

e
Characters of standard modules

Sum indexed by A-paths

Perfect cristals — (KMN)? ‘ Multi-grounded partitions

Bijection

2/16



Overview
What do we compute? What are the existing methods? What do we bring to the table?

RR-type identities

Product side

Vertex operators

Forbidden patterns

Weyl-Kac character formula

Not obvious that the coefficients are non-negative Principal specialization
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Characters of standard modules
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Multi-grounded partitions

partitions

A partition is a non-increasing
finite sequence of positive integers .

Example: (4,3,1,1),(1,1,1,1,1).
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Multi-grounded partitions

Generalized colored partitions

Let C be a set. Suppose that integers occur in “colors” in C. The set of colored
integers is Z¢. Let > be a binary relation on Zc¢.

A partition is a non-increasing

finite sequence of positive integers .

Example: C = {c1, &}, and let > be the order defined on Z¢ such that

ceem g =1, =1 =1, = 0g > 0cy, = 0c = 0 > (—1)gy > - -
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Generalized colored partitions

Let C be a set. Suppose that integers occur in “colors” in C. The set of colored
integers is Z¢. Let > be a binary relation on Zc¢.

A generalized colored partition according to the relation > is a well-ordered
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ceem g =1, =1 =1, =0y = 0cy, = 0cy = 0 > (—1)g, > -~

3/16

Jehanne Dousse, Isaac Konan Multi-grounded partitions and character formulas



Multi-grounded partitions

Generalized colored partitions

Let C be a set. Suppose that integers occur in “colors” in C. The set of colored
integers is Z¢. Let > be a binary relation on Zc.

A generalized colored partition according to the relation > is a well-ordered
finite sequence of colored integers according to the relation >.

Example: C = {c1, &}, and let > be the order defined on Z¢ such that

sl =1 = 1g = 1g = 0cy = 0c, = 0¢; = 0¢; > (—=1)¢, > -+~

The sequence (3¢, 3¢, 26,2, ) is allowed, but not (2, 2,).
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Multi-grounded partitions

Multi-grounded partitions

Let C, Z¢, and > be respectively a set of colors, the set of integers colored with
colors in C, and a binary relation defined on Z¢. Suppose that there exist some

. . . 0) (t—1)
colors ¢y, ..., Cg_, in C and unique colored integers Ugys -y Ueg, such that

U(O) +“‘+U(t71) :0

uﬁo) R O
80

Ce1 Cgr—1 Ceo ”
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Multi-grounded partitions

Multi-grounded partitions

Let C, Z¢, and > be respectively a set of colors, the set of integers colored with
colors in C, and a binary relation defined on Z¢. Suppose that there exist some
colors ¢y, ..., Cg_, in C and unique colored integers uco) . uﬁg Y such that

U(O) +“‘+U(t71) :0

0 1 t—1 0
uﬁgg >~ uggl) IR u( ) > uﬁgg.
Then a multi-grounded partition with ground ¢, ..., ¢, , and relation > is
a non-empty generalized colored partition 7 = (7o, ..., Ts—1, ugg e ug;ll))
with relation >, such that (ms—¢, ..., ms—1) # (uﬁgg,...,ucg )) in terms of

colored integers.
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Multi-grounded partitions

Example of multi-grounded partitions

Consider the set of colors C = {c1, &, c3}, the matrix

2 2 2
M=o o 2],
-2 0 2

and define the relation > on Z¢ by k., > kéb, if and only if k — k' > My . If
we choose (go,g1) = (1,3), then (¢, u™) = (1, -1).
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Multi-grounded partitions

Example of multi-grounded partitions

Consider the set of colors C = {c1, &, c3}, the matrix
2 2 2
M=[0 o 2],
-2 0 2

and define the relation > on Z¢ by k., > kéb, if and only if k — k' > My . If
we choose (go,g1) = (1,3), then (¢, u™) = (1, -1).

Hence, (3c;,3¢,,3c;, — 15 1ey, —1c,) and (1, 3¢, 1es, 3¢5 —1es, 1ey, —1,) are
examples of multi-grounded partitions with ground c1, ¢z and relation >, while
(1o, —1g, 10, —1g) and (2, 1, —1c,) are not.
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Perfect crystals and multi-grounded partitions

Perfect crystals

Let g be an affine Kac—Moody algebra with simple positive roots ag, ..., an
and with null root § = dyag + - - - + dhavs. For an integer level £ > 1 and a
dominant weight X\ of level ¢, Kashiwara et al. define the notion of a perfect
crystal B of level ¢, an energy function H: B® B — Z, and a particular element

]J,\:(gk)i“;o:"'®gk+1®gk®'~'®g1®goEBOO,

called the ground state path of weight A. From this they consider all elements
of the form

p=(P)io =" OPpk1®Pk®---@p1®po € BT,

which satisfy px = gk for large enough k. Such elements are called A-paths.
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Perfect crystals and multi-grounded partitions

The (KMN)? character formula

Theorem ((KMN)? crystal base character formula)

Let X\ be a dominant weight of level ¢, let H be an energy function on B ® B,
and let p = (pk)i2o be a A-path. Then the weight of p and the character of the
irreducible highest weight U,(g)-module L()\) are given by the following
expressions:

oo . - (S oo
wtp = A+ > | (whpe — wigk) —d—z; H(pi+1® p;) — H(gi1 ® g))) | »
=

ch(L(N) = > ",

pEP(N)

where wtb stands for the weight of the element b in B.
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Perfect crystals and multi-grounded partitions

Normalizing the energy function

Let B be a perfect crystal of level ¢, and let A\ be a level £ dominant weight
with ground state path px = (gk)«>o0 with period t. Let H be an energy
function on B ® B.
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Perfect crystals and multi-grounded partitions

Normalizing the energy function

Let B be a perfect crystal of level ¢, and let A\ be a level £ dominant weight
with ground state path px = (gk)«>o0 with period t. Let H be an energy
function on B ® B.

Define the function Hy, for all b, b’ € B, by

1 t—1
Ha(b@ b) = H(b@ b) = > Hlgi @ ).

k=0

In the following, we choose a suitable divisor D of 2t such that
DHA(B® B) C Z and X 3", "¢ (k + 1)DHx(gk+1 ® g«) € Z.
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Perfect crystals and multi-grounded partitions

Multi-grounded partition related to the energy function

Let us now consider the set of colors Cp indexed by B3, and let us define the
relation > on Z¢, by

key > Kk, <= k — k' > DHx(b" ® b).

Proposition

The set of multi-grounded partitions with ground cg, ..., ¢;_, and relation >
is the set of non-empty generalized colored partitions

T = (70, .« y Ts—1, uggg, e ug:_ll)) with relation > such that

(Ts—ty. .., Ms—1) # (ugg,...,ug:)), and for all k € {0,...,t—1},

1

1 t—1 ) t—1
u® = 5 > (i +1)DHx(gi+1 ® &) + Y _ DHa(gi11 ® ).
=0 =k
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Perfect crystals and multi-grounded partitions

Main result

Let d be a positive integer. Let Py be the set of multi-grounded partitions with
ground cg, ..., Cg_, and relation > satisfying the following conditions:

e the number of parts is a multiple of ¢,

e the difference between two consecutive parts is a multiple of d.
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Perfect crystals and multi-grounded partitions

Main result

Let d be a positive integer. Let Py be the set of multi-grounded partitions with
ground cg, ..., Cg_, and relation > satisfying the following conditions:

e the number of parts is a multiple of ¢,

e the difference between two consecutive parts is a multiple of d.

Theorem (Dousse, K.)

Setting g = e%/(%P) and ¢, = ™™ for all b € B, we have ¢g, - ¢, =1,
and the character of the irreducible highest weight Uq(g)-module L(X) is given
by the following expressions:

Z C(m)g'™ = e_Ach(L()\)).

d. qd
= (a% q%)o

Here, C(w) = chy - .- Cb, and || = ko + - - - + ks for the generalized colored
partition m = ((ko)cyy, - - - » (Ks) ey, )-
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g
Applications to standard level 1 modules of the Lie algebra A(Q;L 1(n >3)

Character for standard level 1 modules of the Lie algebra Agi)fl(n >3)

Theorem (Dousse, K.)

Let n > 3, and let /\o( ..., N\, be the fundamental weights and «o, . .., o, be
the simple roots ofA22n)71. Let 0 = cvg + a1 + 202 - - - + 2cep—1 + oy be the null

root. Set
g=e %2 and ¢ =t ton1tn/2 for alli € {1,.. ., n}.
The two dominant weights of level 1 are Ao and A1, and we have
e Mch(L(Ao)) = € ((qz; oo kf[l(fckq; oo (—c; 'a; qz)oo> :
e Mch(L(Ay)) = € ((qZ;q4)oo(—c1q3:q2)oo(—cflq*1:qz)oo ﬁ(—cm: 0)oo(—ci ' q2)oo> ;
where

E(F(ar,... cn)) = %(F(q, e Gn) 4 Fl=cty ey —ca).
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2)
i

Applications to standard level 1 modules of the Lie algebra A(Q ) (>

Crystal graph B of the vector representation for the Lie algebra
2
Agn)—l(n Z 3)

Bo—by =1 br=by,=1

pro = (-+- 11111) pa, = (---11111) (1—(2— (ﬁﬁ
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Applications to standard level 1 modules of the Lie algebra

Energy function

The energy function such that H(1 ® 1) = —1, where H(b1 ® by) is the entry

in column b; and row bs:

1 2 n n
1 1
2 0
1*

H="

n

0*
2 0 0
1 \-1 o0
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g
Applications to standard level 1 modules of the Lie algebra A(Q;L 1(n >3)

Character of L(Ao)

The ground state path is pp, = (++- 11111).
For D=d =t =2, we obtain u® = —1 and u™™ =1 and the corresponding
partial order on odd colored integers:

—1)e 1.
K (1)1 Kl K K1, KK K1l K 31 K3, K-
c1 <1

with the interlacing sequence

(2k +1)q < (2k = 1) < (2k 4+ 1),
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(2)

Applications to standard level 1 modules of the Lie algebra Ay 1 (n > 3)

Character of L(Ao)

The ground state path is pp, = (++- 11111).
For D=d =t =2, we obtain u® = —1 and u™™ =1 and the corresponding
partial order on odd colored integers:

(71)%

1o
. Clg € <Kl Kl € KLl € 0T K36, < oo
c

. << 3CI
with the interlacing sequence
(2k +1)q < (2k = 1) < (2k 4+ 1),

The set P, consists of the multi-grounded partitions into odd colored integers
and grounded in cpc1, and the generating function is given by

(—aq,—cq, .., =G, —CnG; G )oo
(creig*; 4*)oo
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(2)
r

Applications to standard level 1 modules of the Lie algebra Ay

Character of L(A;1)

p—1(7 =

The ground state path is pp, = (--- 111111). For D =d = t = 2, we obtain
u©® =1 and u™ = —1, and the generating function of P, is

(—aq’,—aqq ', —0q,—6q...,—cq, —Caq; ") oo
(creig*; 4*)oo '
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g
Applications to standard level 1 modules of the Lie algebra Ay

What we have done.

e We computed the character of standard level one modules of type
AY (n>2),BM(n>3),DM(n > 4).
° We retrieved the character of standard level one modules of type
A5 (n 2 2), D7) (n 2 3).

e We computed all the character of standard modules of type A(ll) and
derived partition identities involving absolute values.
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5
Applications to standard level 1 modules of the Lie algebra A%}‘L

What we have done. What should be done

We computed the character of standard level one modules of type

AY (n>2),BM(n>3),DM(n > 4).

We retrieved the character of standard level one modules of type
A5 (n 2 2), D7) (n 2 3).

We computed all the character of standard modules of type A(ll) and
derived partition identities involving absolute values.

Compute the character of standard level one modules of type C,Sl)(n >2).

Compute the character of standard modules for all levels and all types.
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