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Nonlinear damped wave equation on R”
We consider the following semilinear damped wave equation:

ug — Au+us = |ulP, x €R", t>0,
u(0, x) = eug(x), x € R, (1)
ur(0,x) = eur(x), x € R,

where 1 < p < oo, A is the Laplacian on R"” and € > 0 is a size parameter.
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00 ifp> Pcril(n)7

exp (Cé‘_(p_1)) ifp= Pcrit(n)a
_ A=)

Ce~ 2—n(p—1) ifp < Pcrit(n)'

1

Te

1



Nonlinear heat equation and Fujita exponent

> The exponent peit(n) :== 1+ % plays a similar role as in the semilinear damped wave
equation in the study of the following semilinear heat equation:

—Av+vi=|vP, xeR", t>0,
v(0,x) = w(x), x€R"



Nonlinear heat equation and Fujita exponent

> The exponent peit(n) :== 1+ % plays a similar role as in the semilinear damped wave
equation in the study of the following semilinear heat equation:

—Av+vi=|vP, xeR", t>0,
v(0,x) = w(x), x€R"

> Fujita 1966, Hayakawa 1973, Weissler 1981: In this case, pcrit(n) =14+ % is known as
“Fujita exponent, ” denoted by pryj(n).



Nonlinear heat equation and Fujita exponent

> The exponent peit(n) :== 1+ % plays a similar role as in the semilinear damped wave
equation in the study of the following semilinear heat equation:

—Av+vi=|vP, xeR", t>0,
v(0,x) = w(x), x€R"

> Fujita 1966, Hayakawa 1973, Weissler 1981: In this case, pcrit(n) =14+ % is known as
“Fujita exponent, ” denoted by pryj(n).

> Li 1996, Bellout and Friedman 1989 asserted that the damped wave equation has a
diffusive structure as t — oo. Nishihara 2003 established LP-L9 estimates for difference
solutions to damped wave and heat equations with L” initial data.



Nonlinear heat equation and Fujita exponent

> The exponent peit(n) :== 1+ % plays a similar role as in the semilinear damped wave
equation in the study of the following semilinear heat equation:

—Av+vi=|vP, xeR", t>0,
v(0,x) = w(x), x€R"

> Fujita 1966, Hayakawa 1973, Weissler 1981: In this case, pcrit(n) =14+ % is known as
“Fujita exponent, ” denoted by pryj(n).

> Li 1996, Bellout and Friedman 1989 asserted that the damped wave equation has a
diffusive structure as t — oo. Nishihara 2003 established LP-L9 estimates for difference
solutions to damped wave and heat equations with L” initial data.

» Gallay and Raugel 1998 : The global solutions of the nonlinear damped wave equation
behaves like those of nonlinear heat equations with suitable data N = 1.



Nonlinear heat equation and Fujita exponent

> The exponent peit(n) :== 1+ % plays a similar role as in the semilinear damped wave
equation in the study of the following semilinear heat equation:
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> Fujita 1966, Hayakawa 1973, Weissler 1981: In this case, pcrit(n) =14+ % is known as
“Fujita exponent, ” denoted by pryj(n).

> Li 1996, Bellout and Friedman 1989 asserted that the damped wave equation has a
diffusive structure as t — oo. Nishihara 2003 established LP-L9 estimates for difference
solutions to damped wave and heat equations with L” initial data.

» Gallay and Raugel 1998 : The global solutions of the nonlinear damped wave equation
behaves like those of nonlinear heat equations with suitable data N = 1.

> For N > 2 : [Karch 2000] with p > 1 + %, [Hayashi-Kaikina-Naumkin 2004] with
p > pra(n).

» This is known as the “diffusion phenomenon” of (linear or nonlinear) damped wave
equations.
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Damped wave equations on R” : Initial data from negative Sobolev spaces

Chen and Reissig 2023 studied the following semilinear damped wave equation

ur — Au+ ur = |ulP,

u(0, x) = up(x),
u(0, x) = ur(x),

with initial data additionally belonging to homogeneous Sobolev spaces of negative order

A= (R") with v > 0.
> They found a new critical exponent
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pcrit(ny’Y) =1+

n+ 2y

, ve(o

"2

)

e For p > perit(n, ), the problem (4) admits a global-in-time Sobolev solution for

sufficiently small data of lower regularity.

e For 1 < p < peit(n, v), the solutions to (4) blow-up in a finite time. In other words, there

exists T > 0 such that the solution to (4) satisfies [|u (-, tn)|| .. — 00 @s tm — T.
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e For p > perit(n, ), the problem (4) admits a global-in-time Sobolev solution for
sufficiently small data of lower regularity.
e For 1 < p < peit(n, v), the solutions to (4) blow-up in a finite time. In other words, there
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{ =00 if p > Perit (nv'Y)v
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~Ce ¥ it p < perit (7, 77),

where C is a positive constant independent of € and p’.



Damped wave equations on R” : Critical exponent case

For any T > 0, a weak solution of the Cauchy problem

ur — Au+u = |ulP, xR t>0,
u(0,x) = wo(x) x € R, (5)
ur(0, x) = ur(x x € R",

)
)

in[0, T) x R"is afunction u € L. ([0, T) x R") that satisfies the following integral relation:

/ ! / u(t, x) (826(t, x) — A(t, x) — Bugh(1, %)) o ot — / U (x)6(0, x) dx
0 RN RN
- /R wn(x)6(0,x) o+ /]R w(x)0r(0, %) o = /0 ! /R ) P(x) ax o, (6)

forany ¢ € C§°([0, T) x R").
Global solution: If T = oo, we call u to be a global-in-time weak solution to (5),
Local solution: otherwise, u is said to be a local-in-time weak solution to (5).



Damped wave equations on R” : Critical exponent case

Theorem 1 (Berikbol, K., Mondal, Ruzhansky, 2024)
Lety € (0,5) and let the exponent p satisfy

4
n+2'y.

p = pcri(n,v) =1+
We assume that the non-negative initial data (uo, u1) € H=7(R") x H~7(R") satisfies
—n(3+2) —1 n
uo(x) + ui(x) = Ci(x)~ "2/ (log(e + |x])) ™", x €R”,
where Cy is a positive constant. Then, there is no global (in-time) weak solution to

ug — Au+us = |ulP, x €R", t>0,
LI(O,X) = UO(X)7 x €R",
ur(0, x) = ur(x), x € R".
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ug — Au+us = |ulP, x €R", t>0,
LI(O,X) = UO(X)7 x €R",
ur(0, x) = ur(x), x € R".
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Our Goal:

To study the Cauchy problem for the semilinear damped wave equation with power-type
nonlinearities:

ug +Ru+u = |ulP, x€G,t>0,
u(0, x) = ew(x), x € G, ©)
u(0, x) = euq(x), x €G,

where 1 < p < oo, R is a positive Rockland operator of homogeneous degree v > 2
on a graded Lie group G, and the initial data (uo, u1) with its size parameter ¢ > 0
belongs to homogeneous Sobolev spaces of negative order H=7(G) x H~7(G) with
v > 0.
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U(O,X) = EUO(X)7 X € G7 (9)
Ut(O,X) = el (X)7 X € G’

where 1 < p < oo, R is a positive Rockland operator of homogeneous degree v > 2

on a graded Lie group G, and the initial data (uo, u1) with its size parameter ¢ > 0
belongs to homogeneous Sobolev spaces of negative order H=7(G) x H~7(G) with

v >0.

> The commutative group (R”, +), the Heisenberg group,
Engel groups, Cartan groups, and more generally, stratified Lie groups are examples of
graded Lie groups.

>

For G = (R", +) : a Rockland operator R can be any
positive homogeneous elliptic differential operator with constant coefficients, for example,
we can consider

R=(-A)"orR = (—1)’”zn:aj( o

>2m
_— , a>0,meN,
= \O%



Damped wave equation on Lie groups: The Heisenberg group
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> Miller and Stein, 1999: LP-estimates for wave equations on the Heisenberg group. Several
papers on related topic by Thangavelu and Narayanan (2001) and coauthors.

P Pascucci, 1998: Semilinear Cauchy problem for the heat equation with power nonlinearity
on the Heisenberg group H". Fujita exponent:= 1 + %, Q = 2n + 2 is the homogeneous
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» Ruzhansky and Tokmagambetov, 2018: Damped wave equation with mass term:

ur + Ru + ur + mu = |ulP

on the Heisenberg group and graded Lie groups. Also, Ruzhansky and Taranto, 2020 for
time-dependent coefficient.

» Ruzhansky and Yessirkegenov, 2021: Fujita exponent 1 + % for heat equation associated
with sub-Laplacian on general unimodular Lie groups with polynomial volume growth G
with global dimension D.

» Georgiev and Palmieri, 2019: Semilinear damped wave equation on H" with power
nonlinearity: Critical exponent= Fujita exponent= 1 + %. Global existence of small data
solutions for supercritical case and a blow-up result for (sub)-critical case.

> Palmieri, 2020: The L?-L2 decay estimates of for the solution of the homogeneous linear
damped wave equation on the Heisenberg group and their derivatives.



Dilations and homogeneous Lie groups

Homogeneous Lie groups
A connected and simply connected Lie group G with dim G = n'is called a homogeneous Lie
group if the Lie algebra g = R” of G is endowed with a family of dilations D2, r > 0, which are
vector space automorphisms on g satisfying the following two conditions:
> For every r > 0, D? is a map of the form D := Exp(In(r)A) for some diagonalisable
linear operator A = diag[v1, - - - ,vn] On g.

> YX,Y €g,andr >0, [D?X, D} Y] = D?[X, Y].

G. Folland and E. Stein, Hardy Spaces on Homogeneous Groups. Princeton University Press, Princeton, NJ, (1982).
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homogeneous dimension of a homogeneous Lie group G is given by
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weight vy = 1. This also implies that Q > n.

G. Folland and E. Stein, Hardy Spaces on Homogeneous Groups. Princeton University Press, Princeton, NJ, (1982).
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vector space automorphisms on g satisfying the following two conditions:
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group is nilpotent.
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linear operator A = diag[v1, - - - ,vn] On g.

> YX,Y €g,andr >0, [D?X, D} Y] = D?[X, Y].
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Homogeneous Lie groups

A connected and simply connected Lie group G with dim G = n'is called a homogeneous Lie
group if the Lie algebra g = R” of G is endowed with a family of dilations D2, r > 0, which are
vector space automorphisms on g satisfying the following two conditions:

> For every r > 0, D? is a map of the form D := Exp(In(r)A) for some diagonalisable
linear operator A = diag[v1, - - - ,vn] On g.

> YX,Y €g,andr >0, [D?X, D} Y] = D?[X, Y].

e The eigenvalues 0 < 11 < 1» < ... < v, of A are called dilations’ weights. The
homogeneous dimension of a homogeneous Lie group G is given by

Q:=Tr(A)=vi+ -+

e Convention: The weights 0 < 1 < vp < ... < v, are jointly rescaled so that the lowest
weight vy = 1. This also implies that Q > n.
e A Lie algebra admitting a family of dilations is nilpotent. Consequently, a homogeneous Lie
group is nilpotent.
o The dilations D? of the Lie algebra g induce a family of dilations on G := expg ¢ defined via,

r 1= expg oD% o exp([?, r>0.
e The bi-invariant Haar measure dx on G, which is just a Lebesgue measure on R", is
Q-homogeneous in the sense that

d(Dr(x)) = r9%ix.

G. Folland and E. Stein, Hardy Spaces on Homogeneous Groups. Princeton University Press, Princeton, NJ, (1982).
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Graded Lie groups

A graded Lie group G is a connected and simply connected Lie group whose Lie algebra g can
be written as

S
g= @g,-, with [gi, 9] C giyj. and gipj = {0} fori+j>s

i=1

V. Fischer and M. Ruzhansky, Quantization on Nilpotent Lie Groups, Progr. Math., vol.314, Birkhauser/Springer, (2016).
J. L. Dyer. A nilpotent Lie algebra with nilpotent automorphism group. Bull. Amer. Math.1Soc., 76:52-56, 1970.
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> Gradation gives rise to a family dilations DZ, r > 0on g using the matrix given by
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Graded Lie groups

A graded Lie group G is a connected and simply connected Lie group whose Lie algebra g can
be written as

S
g= @g,-, with [gi, 9] C giyj. and gipj = {0} fori+j>s

i=1

> Gradation gives rise to a family dilations DZ, r > 0on g using the matrix given by
AX; = iX; for every X; € g;, thatis, D} X; = r'X; fori € N.

> A Lie algebra is stratifiable if it is graded and there exists a gradation of g such that
[g1, 9i] = giy1 forall i € N. A Lie group associated with stratifiable Lie algebra is called a
stratified Lie group.

Stratified Lie groups C Graded Lie groups C Homogeneous groups C Nilpotent
Lie groups.

P An example of a nine dimensional nilpotent Lie algebra which does not admit any family of
dilations.

V. Fischer and M. Ruzhansky, Quantization on Nilpotent Lie Groups, Progr. Math., vol.314, Birkhauser/Springer, (2016).
J. L. Dyer. A nilpotent Lie algebra with nilpotent automorphism group. Bull. Amer. Math.1Soc., 76:52-56,1970.
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o The Abelian group G := (R", +) with g := R" with trivial gradation g1 := R". The dilation is
the canonial dilation
Dr(x1, X5 5 Xn) = (M1, X2, . . ., IXn).
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Dr(X1, X2y ..y Xn) = (X1, X2, . . ., Xn).

o Define dilations structure on R"” by

Di(x1,Xe,. .., Xn) = (r""x1,r"2xa, ..., 1" Xn)

withall0 < v1 < < vp are rational. Then R” with this family of dilations has graded
structure.
o The Heisenberg group H" := (R2"*1 o) with group operation o given by
1
(X7y7 t) o (Xl7y/7t/) = (X+Xl7y+y/7t+ t/ + E(Xyl - X,y))v

where (x, y, 1), (x',y’,t') € R" x R" x R. The canonical basis for the Lie algebra b, of H" is
given by the left-invariant vector fields:

x,-:axl.—gat, Y,-:ayl.+§8,, j=1,2,...n, and T=8,  (10)

which satisfy the commutator relation [X;, Yj] = 6; T, fori,j=1,2,...n.



Examples of graded Lie groups
e The Abelian group G := (R", +) with g := R" with trivial gradation g1 := R". The dilation is

the canonial dilation
Dr(X1, X2y ..y Xn) = (X1, X2, . . ., Xn).

o Define dilations structure on R"” by

Di(x1,Xe,. .., Xn) = (r""x1,r"2xa, ..., 1" Xn)

withall0 < v1 < < vp are rational. Then R” with this family of dilations has graded
structure.
o The Heisenberg group H" := (R2"*1 o) with group operation o given by

1
(X7y,f)O(Xl7y/,f/) = (X+Xl7y+y/7t+t/+E(Xy,_xly))v

where (x, y, 1), (x',y’,t') € R" x R" x R. The canonical basis for the Lie algebra b, of H" is
given by the left-invariant vector fields:

' X
x,-:axl.—%at, V=8 + 20, j=12..nadT=8, (0

which satisfy the commutator relation [X;, Yj] = 6; T, fori,j=1,2,...n.

o The Heisenberg Lie algebra b, admits the decomposition b, = g1 @ gz, where

g1 =R —span{X;, ¥}, and g2 = R — span{T}. This include a family of dilations

Dr(x,y,t) = (rx,ry,rt)  r>0.
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Fourier Analysis on graded Lie groups

o G: Unitary dual of G, that is, the set of equivalence classes of all strongly continuous unitary
irreducible representations (7, Hr ) of G.

o The group Fourier transform F (f)() : Hx — Hx of f € S(G) = S(R"), at 7 € G, isa
linear mapping defined by

Fe(f)(m) = F(m) = / Fx)m(x)* ok = / fx)m(x) dx. (a1
G G
e There exists a measure p on G such that the following inversion formula
f(x) = /@ Tr(w(x)F(m))dp(r)

holds for every f € S(G) and x € G.
o The following Plancherel identity holds for f € S(G)

/G ()12 o = /G ) s Aia(m)- (12)

e The Fourier transform F¢ extends uniquely to a unitary isomorphism from LZ(G) onto the
space L?(G).



Rockland operators

o For a left-invariant differential operator T, let us denote by 7(T), the symbol of T, which is the
infinitesimal representation dm(T) associated with m € G.

Rockland operator
A positive left-invariant differential operator R on a homogeneous group G called the Rockland
operator if it is homogeneous of positive degree v, that is,

R(foD;)=r"(Rf)oD,, r>0,fe C>(G)
and the operator 7w(R) is injective on H2° for every nontrivial representation 7 € @, that is,

YweHY n(R)v=0 = v=0. (RC)

C. Rockland, Hypoellipticity on the Heisenberg group-representation-theoretic criteria. Trans. Amer. Math. Soc., 240, 1-52,
(1978).

B. Helffer and J, Nourrigat, Caracterisation des opérateurs hypoelliptiques homogénes invariantsagauche sur un groupe de
Lie nilpotent gradué. Comm. Partial Differential Equations 4(8), 899-958, (1979).
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Rockland operators

o For a left-invariant differential operator T, let us denote by 7(T), the symbol of T, which is the
infinitesimal representation dm(T) associated with m € G.

Rockland operator

A positive left-invariant differential operator R on a homogeneous group G called the Rockland
operator if it is homogeneous of positive degree v, that is,

R(foD;)=r"(Rf)oD,, r>0,fe C>(G)
and the operator 7w(R) is injective on H2° for every nontrivial representation 7 € @, that is,

YweHY n(R)v=0 = v=0. (RC)
(RC) = Hypoellipticity of R, (Rf € C(G) = f € C*°(G)).
Rockland conjecture

Rockland — Graded
Existence of a Rockland operator on homogeneous Lie group G = G is a graded Lie group

C. Rockland, Hypoellipticity on the Heisenberg group-representation-theoretic criteria. Trans. Amer. Math. Soc., 240, 1-52,
(1978).

B. Helffer and J, Nourrigat, Caracterisation des opérateurs hypoelliptiques homogénes invariantsagauche sur un groupe de
Lie nilpotent gradué. Comm. Partial Differential Equations 4(8), 899-958, (1979).



Spectrum of symbol of Rockland operator

> Forany f € L?(G), we have

Fo(RA)(m) = w(R)T(x).

A. Hulanicki, J. W. Jenkins, and J. Ludwig, Minimum eigenvalues for positive, Rockland operators, Proc. Amer. Math. Soc.
94, 718-720 (1985).

A. F. M. ter Elst and Derek W. Robinson, Spectral estimates for positive Rockland operators. Algebraic groups and Lie
groups, 195-213, Austral. Math. Soc. Lect. Ser., 9, Cambridge Univ. Press, Cambridge, ()1997)
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Spectrum of symbol of Rockland operator

> Forany f € L?(G), we have

Fo(RA)(m) = w(R)T(x).

> The spectrum of the operator 7w(R) with = € @\{1 }, is discrete and lies in (0, 00).

P We can choose an orthonormal basis for 7 such that the infinite matrix associated to the
self-adjoint operator 7r(R) has the following representation

7r12 0
0 7w 0
n(R) = 0 (13)
where 7;, i = 1,2, ..., are strictly positive real numbers and = € @\{1}.

A. Hulanicki, J. W. Jenkins, and J. Ludwig, Minimum eigenvalues for positive, Rockland operators, Proc. Amer. Math. Soc.
94, 718-720 (1985).

A. F. M. ter Elst and Derek W. Robinson, Spectral estimates for positive Rockland operators. Algebraic groups and Lie
groups, 195-213, Austral. Math. Soc. Lect. Ser., 9, Cambridge Univ. Press, Cambridge, ()1997)



Sobolev spaces on graded Lie groups

> The inhomogeneous Sobolev spaces H*(G) := H% (G), s € R, associated to positive
Rockland operator R of homogeneous degree v, is defined as

H (G):={re D' (6): 1+ Ry r e 2(G)},

with the norm
Iliscey = |1+ RY*1

12(G)

V. Fischer and M. Ruzhansky, Sobolev spaces on graded Lie groups, Ann. Inst. Fourier (Grenoble) 67(4), 1671-1723 (2017).
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Sobolev spaces on graded Lie groups

> The inhomogeneous Sobolev spaces H*(G) := H% (G), s € R, associated to positive
Rockland operator R of homogeneous degree v, is defined as

H (G):={re D' (6): 1+ Ry r e 2(G)},

with the norm
Iliscey = |1+ RY*1

12(G)

> The homogeneous Sobolev space H5;°(G) := HP*(G) on G as the space of all
f € D’(G) such that RS/¥f € LP(G) with the norm

11l o5y = HRS/Vf

P(G)

» These Sobolev spaces are independent of the choice of a Rockland operator R.

V. Fischer and M. Ruzhansky, Sobolev spaces on graded Lie groups, Ann. Inst. Fourier (Grenoble) 67(4), 1671-1723 (2017).



Interpolation inequalities on graded Lie groups

> Hardy-Littlewood-Sobolev inequality: Let s > 0 and 1 < p < q < oo be such that

471 1
P q

Qlw

Then

Ifllagy S MFllams(ey 2 IR fllu(ey- (14)

V. Fischer and M. Ruzhansky, Sobolev spaces on graded Lie groups, Ann. Inst. Fourier (Grenoble) 67(4), 1671-1723 (2017).

M. Ruzhansky and N. Tokmagambetov, Nonlinear damped wave equations for the sub-Laplacian on the Heisenberg group
and for Rockland operators on graded Lie groups, J. Differential Equations 265(10), 5212-5236 (2018).



Interpolation inequalities on graded Lie groups

> Hardy-Littlewood-Sobolev inequality: Let s > 0 and 1 < p < q < oo be such that

471 1
P q

Qlw

Then

Ifllagy S MFllams(ey 2 IR fllu(ey- (14)

I

> Gagliardo-Nirenberg inequality : Let s € (0,1],1 < r < %, and 2< g < Qfs,. Then

N

0

||u||L‘7(G) 5 ”U”Hr,s(G)”U”zz_(g;)v (15)

T

for 0 = (% - 3—7) /(% +1- 1) € [0, 1], provided that & +1#1

V. Fischer and M. Ruzhansky, Sobolev spaces on graded Lie groups, Ann. Inst. Fourier (Grenoble) 67(4), 1671-1723 (2017).
M. Ruzhansky and N. Tokmagambetov, Nonlinear damped wave equations for the sub-Laplacian on the Heisenberg group
and for Rockland operators on graded Lie groups, J. Differential Equations 265(10), 5212-5236 (2018).
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Examples of Rockland operators

e On a graded Lie group G, operators
n o 20
Ri=)» (-1)% gX; 7, withar,a,...,a) >0
j=1
are Rockland operators of homogeneous degree v = 2uy.
e On a stratified Lie group G, sub-Laplacian
Lo =~ + X5+ +X5)
is a Rockland operator of the homogeneous degree v = 2.
e In particular, on H" : the sub-Laplacian Lgn := — >/, X2 + Y2 and its power

(Lmn)¥, k € N are Rockland operators.
e On R", the operators

n w 2%
] 0
R := § (1) a0, 7, withai,a,...,an>0
=1

are Rockland operators of degree v = 2u1y.



Damped wave equations on graded Lie group: Sobolev estimates of solutions

Theorem 2 (Dasgupta, K., Mondal and Ruzhansky 2024)

Let G be a graded Lie group of homogeneous dimension Q and let R_ be a positive Rockland
operator of homogeneous degree v. Assume that (g, u1) € (HSNH™Y ) x (HS~'TNH™7)
with s > 0 and s + v > 0. Then the solution of the linear Cauchy problem

ur+Ru+u =0, xeG,t>0,
u(0, x) = uo(x), x €G, (16)
UI(va) =u (X)7 x €G,

satisfies the following Hs -decay estimate

=

lu(t, Mlgs S 0+ 077 (lollpsrig— + Nutllps—1m5-+) 5 (17)

forany t > 0.



Damped wave equations on graded Lie group: Sobolev estimates of solutions

Theorem 2 (Dasgupta, K., Mondal and Ruzhansky 2024)

Let G be a graded Lie group of homogeneous dimension Q and let R_ be a positive Rockland
operator of homogeneous degree v. Assume that (g, u1) € (HSNH™Y ) x (HS~'TNH™7)
with s > 0 and s + v > 0. Then the solution of the linear Cauchy problem

ur+Ru+u =0, xeG,t>0,
u(0, x) = uo(x), x €G, (16)
UI(va) =u (X)7 x €G,

satisfies the following Hs -decay estimate

sty
lu(t, Mlgs S 0+ 077 (lollpsrig— + Nutllps—1m5-+) 5 (17)

forany t > 0.

Remark
The additional use of Sobolev spaces of negative order for initial data provides a decay rate
1+ t)_% forany v > 0.



Sketch of the proof

Applying the group Fourier transform on G to the linear system (16) with respect to x, for all
7 € G, we get

d2U(t, w) + m(R)U(t, ©) + Bd(t,7) =0, we€ G, t>0,
(0, ) = To(n), 7 e,
oru(0, ) = Uy (), reG,

where 7(R) is the symbol of the Rockland operator R on G.

(18)
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Sketch of the proof

Applying the group Fourier transform on G to the linear system (16) with respect to x, for all
7 € G, we get

d2U(t, w) + m(R)U(t, ©) + Bd(t,7) =0, we€ G, t>0,

(0, 7) = Tp(), 7 eG, (18)
oru(0, ) = Uy (), neG,

where 7(R) is the symbol of the Rockland operator R on G.
For m, k € N, we introduce the notation

U(t, ™) mk = (T(t, ™)k, em)yy. » (19)

where {em} men is the same orthonormal basis in the representation space H» that gives us
(13). Then U(t, 7) m,k solves the following infinite system of ordinary differential equation with
respect to t variable

OZU(t, m)m,k + STt T)mk + B2, U(t, T)mk =0, m€G, t>0,
a(07 7T)m,k = UO(W)m,ky T e G7 (20)
O(U(0, ™) m.kx = Ut (7)m,k, T eG,

where we denote 32, . = w4,
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Sketch of the proof
The characteristic equation of the above system is given by
N4A+p6E =0
Consequently, the characteristic roots are given by

_1_\/1_461271,77 _1+\/1_4512n,7r
M=———"———02-— ad Ng= ——W———.

2 2
Using asymptotic expansions of eigenvalues, we consider the following cases:
> When |Bm,x| < § < 1:
M=—-14+0(85,),
de=—B5 .40 (Bmr)- (1)

> When |Bm,x| > N> 1:

1
)\1 - _5 - ilﬁm,ﬂ'l + o (lﬁm,ﬂ'

_

]
e = =2 +ilBnx| + O (1Bmx ") - (22)
> When d < |Bm,x| < N:

Re(A1) <0 and Re(X2) <O. (23)



Sketch of the proof

Thus, the solution to the homogeneous system (20) is given by

u(t, ™) mk = Ko(t, ) m ko (7 )mk + Ki(t, T)m kUt (7)m,k,

(24)



Sketch of the proof

Thus, the solution to the homogeneous system (20) is given by

u(t, ™) mk = Ko(t, ) m ko (7 )mk + Ki(t, T)m kUt (7)m,k, (24)
where
A erat — >\29>‘"
Ko(t, T =
0( )m,k /\1 — )\2
(25)
(10 )l O (g, roip )T
71+O(B,2,,,,,) mr ’

= (1Bm x|~ 1+0(1Bm x| =)ol 1Pmm =3+ (18m 1 T))e
2M1Bm, = 17O0T)

: 1 —1
—i1Bmm |~ 1+0(1mym | "))elilPmm 1= 5 +0(18mm TT))0
( i for | Bmx| > N.

(26)




Sketch of the proof

eMt _ ghat

Ki(t,m =
1(t T)m.k A1 — X2

o(-1+0(5h ) _o(~Ph +O(5h )t

—1+O(ﬁr2n,w)

e("ﬂm,w\*%Jro(‘ﬂm,w\71))’75(7"‘5%#|*%+O(‘ﬁm""|71))t

(27)

for |ﬂm,7r| < 67
(28)

2 Bm, = [+O(1)

for |Bm,x| > N.



Sketch of the proof

At Aot
et — g2
Ki(t,m = —
1( )m,k M — Ao
(27)
100k ) (- r0(5hx)) o [Bnee| < 5
—1+0(82, ) mres
= (28)
(il8m,x 1= 3+0(18m,x 1 7"))t _ (=il Bm,x | = 5+O(18m,=1~"))t
e 2i\6m,,r\e+(9(1) for | Bm, | > N.
We have the following point-wise estimates for Ky and Ki:
2
|Bm,x e + e Pmr for |Bm x| <& <1,
[Ko(t, M| S 4 et for § < |Bm,x| <N, (29)

e for | Bm,x| > N> 1,

and



Sketch of the proof

K (6, T)mok| <

for some constant ¢ > 0.

2
e~ 4 e—Cfﬁm,W

e—ct

|Bm’7r|—1e—ct

for [Bm,=| < 6 < 1,
for & < |Bm,x| <N,

for |Bm,=| > N> 1,

(30)



Sketch of the proof

2
e~ 4 e % mr  for |Bn.| <6 <1,
[Ki(t, m)mil S 4 e~ for§ < |Bmx| <N, (30)

|Bm,=| "1™ for |Bm,x| > N> 1,

for some constant ¢ > 0. Now using the Plancherel formula, we obtain
S A
It e = [ Im(R)F (¢, m) s )

4

<D /Aﬂn? (1Ko (t, ) m,k 2 [To () mok |* + 1K1 (8, 70)m, k2 [Tt () moi 7] dpa(e)
G

m,keN

=l + Ik, (31)

where

E
o= 32 [k IKolt, WD) Ptu(r)

m,keN

and

E
b= Y [ Kl ) P,

m,kEN



Sketch of the proof

When |Bm,x| < § < 1, we obtain the following estimates:

_ 2(sty)
o SO+ ol
and
_2(s+v)
I S+ lulf_,.

Now consider the case |Bm,~| > N > 1.

I S €2 |uo]l%,—,

and

Iy S €2l

(32)

(33)

(34)

(35)



Sketch of the proof

The final case when § < |Bm,x| < N.

Iy S

~

e 2 luo %,
and

Ik, S

~

e—2(:t||u1 ”2

Hs—1"

(36)

(387)



Sketch of the proof

The final case when § < |Bm,x| < N.
o < €2 uollFs, (36)
and

Ik, S

~

Ca (172 (37)

Combining all the cases for | Bm,x |, that is, ((32), (33)), ((34), (35)), and ((36), (37)) along with
(31), we obtain H°-decay estimate for the solution to linear system (16) as

_ sty
llu(t, s S 0+ 077 (ol sy + Nutllps—145-+)

forany t > 0.



Mild solutions of semilinear damped wave equations

Consider the inhomogeneous system

ur + Ru+u = F(t,x), x€G, t>0,
u(0, x) = uo(x), x €G, (38)
ut(0, x) = ui(x), x € G.

By applying Duhamel’s principle, the solution to the above system can be written as
t
u(t, x) = up * Eo(t, x) + us * E1(t, x) +/ F(s,x) * E1(t — s, x) ds,
0
where * denotes the group convolution product on G with respect to the x variable, and Ey and

E; represent the propagators to (38) in the homogeneous case F = 0 with initial data
(uo, u1) = (b0, 0) and (uo, ur) = (0, do), respectively.



Mild solutions of semilinear damped wave equations

A function u is said to be a mild solution to (38) on [0, T] if u is a fixed point for the integral
operator N : u € Xs(T) — Nu(t, x), given by

Nu(t, x) := u™(t, x) + u™"(t, x), (39)
in the energy evolution space Xs(T) = C ([0, T], H(G)), s € (0, 1], equipped with the norm

i sty
lullxry = sup (1407 e + 01+ 0t Ve (40)

with v > 0, where i
U™ (t, x) = up * Eo(t, x) + ur * Ex(t, x)

is the solution to the corresponding linear Cauchy problem (38), and

t
u™"(t, x) = / F(s,x) % E(t — s, x) ds.
0



Damped wave equation on graded Lie groups: Global existence

Theorem 3 (Dasgupta, K., Mondal and Ruzhansky 2024)
Lets € (0,1] and~ € (0, g) Assume that an exponent p satisfies

aQ
1<p<
P=72

where 7 denotes the positive root of the quadratic equation 237? + Q¥ — vQ = 0, i.e.,

5 = 7o+\/ Q2+8vQ

and p{ > Pcm(Q,%l/) =1+ 0_2‘—1;7 ify <74,
2y : ~
>1+ %5 ify >4,

. Then, there exists a small positive constant €y such that for any

(41)

(uo,uy) € AS = (H*NH™Y ) x (L3N H™7 ) satistying ||(uo, u1)|| 4= = € € (0, 0], the

Cauchy problem for the semilinear damped wave equation

ug +Ru+u =|ulP, xeG,t>0,
u(0, x) = eup(x), x € G,
ur(0, x) = euy(x), x € G,

has a uniquely determined Sobolev solution u € C ([0, 00), H®) . Moreover, the solution

satisfies the following estimate:

sty
lu(t, M, S (0 +87 77 [I(do, ur)l] gs -




Damped wave equation on graded Lie groups: Global existence

Tools used in the proof:

> We use the group Fourier transform on the graded Lie group G concerning the spatial
variable.

P Sobolev estimates of solutions to the linear Cauchy problem
» Hardy-Littlewood-Sobolev inequality and Gagliardo-Nirenberg inequality
» Banach'’s fixed point theorem on appropriate space
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» We use the group Fourier transform on the graded Lie group G concerning the spatial
variable.

P Sobolev estimates of solutions to the linear Cauchy problem

» Hardy-Littlewood-Sobolev inequality and Gagliardo-Nirenberg inequality
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Remarks

» The technical restrictionon 1 < p < QSZS in the above theorem is due to an application of

the Gagliardo-Nirenberg type inequality.




Damped wave equation on graded Lie groups: Global existence

Tools used in the proof:

> We use the group Fourier transform on the graded Lie group G concerning the spatial
variable.

P Sobolev estimates of solutions to the linear Cauchy problem
» Hardy-Littlewood-Sobolev inequality and Gagliardo-Nirenberg inequality
» Banach'’s fixed point theorem on appropriate space

Remarks

» The technical restrictionon 1 < p < QSZS in the above theorem is due to an application of

the Gagliardo-Nirenberg type inequality.
» Some examples for the admissible range of the exponent p for the global-in-time existence
result in certain low homogeneous dimension graded Lie group G are as follows:
e When Q = 1,2, we take s € (0,1] and v € (0, g) and the exponent satisfies
2v < oo if Q < 2s,
1+ P

— < .
Q+2y < 5% ifQ>a2s.

e When Q = 3,4, we take s € (0,1] and v € (O, g) and the exponent satisfies

2 Q : =
T+ 51 <P< g fO0<y<H

1+%§P§ﬁ ifi<7<§~



Damped wave equation on graded Lie groups: Blow-up result

Theorem 4 (Dasgupta, K. Mondal and Ruzhansky 2024)

Let G be a graded Lie group of homogeneous dimension Q and let R be a positive Rockland
operator given by

2%

R = Z )"/a, X, with ay,a,...,an >0, (42)

of homogeneous degree v := 21y, where vg is any common multiple of dilations weights
viy...,vponG and{Xi, Xo, ..., Xn} is a strong Malcev basis of the Lie algebra g of G.

Letv € (0, g) and the exponent p satisfies1 < p < p(Q,~,v) =1+ Qi”z,y. We also

assume that the non-negative initial data (uo, u1) € H=7 x H™7 satisfies

_o(1+2
w(x) + ur(x) > ()~ B) (log(e + |x) ", x €, (43)
where C1 is a positive constant. Then, there is no global (in-time) weak solution to

ur + Ru+u = JulP, x€G,t>D0,
u(0, x) = eup(x), x € G,
u(0, x) = euq (x), x € G.



Table

o ememe [
Q
1,2 >2 1+Q+2’y<p— @=2s); Q+2'y
14 <p< s o<y <H
3 5 3+27 Q—2s 1<p<1+3+2w
1+2 <p< 2 ity <y<g.
8 Q
8 4 ‘+m<”§m 1<p<ttmm
1+ 2 <p< gl f0<y<H
4,56 2 1<p<i+ gty
1+2<p< 2 ifty<y<g

Table: Ranges of p for global-in-time existence and blow-up of weak solutions for a pair (Q, )

i
N
yel
Q



Figure

p

P = perit(@,7,2)

N Range for blow-up of weak solution

FIGURE 1. Description of the critical exponent in the (v, p) plane for v = 2



Sharp lifespan estimates for weak solutions
We define the lifespan T, as the maximal existence time for solution of (9), i.e.,
= 1= sup {T > 0 : there exists a unique local-in-time solution to the Cauchy
problem (9) on [0, T) with a fixed parameter ¢ > 0}. (44)

We denote Ty, and T, as the lifespan for a weak and mild solution to the Cauchy problem
(9), respectively.



Sharp lifespan estimates for weak solutions

We define the lifespan T, as the maximal existence time for solution of (9), i.e.,

= 1= sup {T > 0 : there exists a unique local-in-time solution to the Cauchy
problem (9) on [0, T) with a fixed parameter ¢ > 0}. (44)
We denote Ty, and T, as the lifespan for a weak and mild solution to the Cauchy problem
(9), respectively.

Theorem 5 (Dasgupta, K. Mondal and Ruzhansky 2024)

Let G be a graded Lie group of homogeneous dimension Q and let R be a positive Rockland
operator of homogeneous degree v > 2. Let~ € (0,4) and let the exponent p satisfy
1< p < perit (Q, 7, v) such that

2y < 00 ifQ <2,
1+ =< PN 45
Q—p{gﬁ ifQ > 2. (45)

We also assume that (up, ut) € A" such that ||(uo, t1)|| 41 < €. Then, there exists a constant
€o such that for every e € (0, eo], the lifespan T, of mild solutions u to the Cauchy problem (9)
satisfies the following lower bound condition:

e > 0o (= (E+9) 7

where the positive constant C is independent of €, but may depends on p, Q, v as well as
[l (w0, ur)] 41-



Sharp lifespan estimates for weak solutions

Theorem 6 (Dasgupta, K., Mondal and Ruzhansky 2024)

Let G be a graded Lie group of homogeneous dimension Q and let R be a positive Rockland
operator of homogeneous degree v > 2. Lety € (0,4) and let the exponent p satisfy

1 < p < porit (Q,7, V). We also assume that (uo, u1) € A" such that ||(uo, ur)|| 41 < e.
Then, there exists a constant £o such that for every € € (0, eo], the lifespan T, of mild
solutions u to the Cauchy problem (9) satisfies the following upper bound condition:

Te < 0o~ (7= (&+) 7,

where the positive constant C is independent of €, but may depends on p, Q, vy as well as
Il (vo, us )] 41-



Sharp lifespan estimates for weak solutions

Theorem 6 (Dasgupta, K., Mondal and Ruzhansky 2024)

Let G be a graded Lie group of homogeneous dimension Q and let R be a positive Rockland
operator of homogeneous degree v > 2. Lety € (0,4) and let the exponent p satisfy

1 < p < porit (Q,7, V). We also assume that (uo, u1) € A" such that ||(uo, ur)|| 41 < e.
Then, there exists a constant g such that for every € € (0, ao], the lifespan Tm,e of mild
solutions u to the Cauchy problem (9) satisfies the following upper bound condition:

Te < 0o~ (7= (&+) 7,

where the positive constant C is independent of €, but may depends on p, Q, vy as well as

Il (uo, un)l 41-
Remark
Therefore, if the exponent p satisfies 1 + al <p< —9_then we can claim the sharp estimate
Q Q—2

for the lifespan T, as

. =00 it p > perit (Q, 7, V),

5 (1 (2o 7))
~ Ce (FH-(&+2) it p < perit (Q, 7, V),

for some v € (0, 2), where the positive constant C is independent of ¢.



Damped wave equation on the Heisenberg group: Critical exponent case

Theorem 7 (Berikbol, K., Mondal, Ruzhansky, 2024)

LetH" be the Heisenberg group with the homogeneous dimension Q = 2n + 2 and let Ay be
the sub-Laplacian on H". Let~y € (0, 2) and let the exponent p satisfy

4

= it(Q, =14+ .
p = pcit(Q, ) Q+2y

We assume that the non-negative initial data (uo, u1) € I'-I;J X I'-I;J;Y satisfies

_o(ls2 _
wo(n) + w1 () > Ci(m) ) (logle + In)) ™", n=(x,y,7) €W,
where Cy is a positive constant. Then, there is no global (in-time) weak solution to
ur — Agu+uw = |ulP, geH", t>0,

U(O,g) = UO(g)v ge H"7
Ut(o,g) =UuU (9)7 ge H".



Damped wave equation on the Heisenberg group: Critical exponent case

Theorem 7 (Berikbol, K., Mondal, Ruzhansky, 2024)

LetH" be the Heisenberg group with the homogeneous dimension Q = 2n + 2 and let Ay be
the sub-Laplacian on H". Let~y € (0, 2) and let the exponent p satisfy

4

= it(Q, =14+ .
P PCnt( ’Y) Q+2y

We assume that the non-negative initial data (uo, u1) € I'-I;J X I'-I;J;Y satisfies

_o(ls2 _
wo(n) + w1 () > Ci(m) ) (logle + In)) ™", n=(x,y,7) €W,
where Cy is a positive constant. Then, there is no global (in-time) weak solution to
ur — Agu+uw = |ulP, geH", t>0,

U(O,g) = UO(g)v ge H"7
Ut(o,g) =UuU (9)7 ge H".

Conjecture:

The critical case p := perit(Q, v, V) belongs to the blow-up range for the damped
wave equation on graded Lie group.




Diffusion phenomenon of damped wave equations on the Heisenberg group
Now consider the following Cauchy problem for the heat equation

— nw =0 H", t >0
{ wi — Agnw , g€ , 0> (46)

w(0,9) = uo(g) + wi(g), ge€H",

where (uo, ur) € (MR, N HLY) x (Ha, NHyY) withs > 0andy € R such that
s+v=>0.



Diffusion phenomenon of damped wave equations on the Heisenberg group

Now consider the following Cauchy problem for the heat equation

— nw =0 H", t >0
{ wi — Agnw , g€ , 0> (46)

w(0,9) = uo(g) + wi(g), ge€H",

where (uo, ur) € (MR, N HLY) x (Ha, NHyY) withs > 0andy € R such that
s+v=>0. )
We have the following HZH -decay estimate for the solution to the Cauchy problem (46) as

_sty
it Vg, S O+0F (loly or+lonly i) @)

forany t > 0.



Diffusion phenomenon of damped wave equations on the Heisenberg group

Now consider the following Cauchy problem for the heat equation

— Apw =0 HOt>0
{w,( ww =0, geH"t> .

w(0,9) = uo(g) + wi(g), ge€H",

PR
where (up, u1) € (HAlH al H ) X (HZH al HAm) with s > 0 and v € R such that
s+v=>0. )

We have the following HZH -decay estimate for the solution to the Cauchy problem (46) as

it Vg, S O+0F (loly or+lonly i) @)

for any t > 0. Recall that, we have the following HZH—decay estimate for the solution to linear
damped wave equation

et Mg, % 4075 (ool e+ ltllgoren ) @9
Ag H H

forany t > 0.



Diffusion phenomenon of damped wave equations on the Heisenberg group

Theorem 8 (Berikbol, K., Mondal, Ruzhansky, 2024)

Let (up, ) € (HZH N HX;{) X <HZIHI N HZ];) with s > 0 and~y € R such that

s+ v+ 2 > 0. Let u and w be the solutions to the linear Cauchy problems (9) and (46),
respectively. Then, u — w satisfies

sty
) — Mo < - ! . .
lu(t, ) = w(t, g < (140772 (”“"”Hzﬂwgg+”“‘”~sz%§)‘




Diffusion phenomenon of damped wave equations on the Heisenberg group

Theorem 8 (Berikbol, K., Mondal, Ruzhansky, 2024)

Let (up, ) € (HZH N HZ;) X <HZH N HZ];) with s > 0 and~ € R such that

s+ v+ 2 > 0. Let u and w be the solutions to the linear Cauchy problems (9) and (46),
respectively. Then, u — w satisfies

sty
u(t,-) — w(t, )| §1+t*2*1(u U -,),
flu(t,-) — w(t, )HHZH (1+1) Il OHHZHHHALH? I 1H”ZH””AQ

> We see that the decay is enhanced by a factor of (1 + t)~" when we subtract the solution
to the damped wave equation by the solution to heat equation (46).

P This concludes that the diffusion phenomenon is also valid in the framework of the negative
order Sobolev space H;I;*



THANK YOU!



