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Fractional Laplacian on R”

» Fractional powers of the Laplace operator (—A)?, 0 < o < 1:
defined via Fourier transform

F((=R)7F)(E) = |27 (FF)(©).
» Pointwise formula

fx) - (2)

(CAYF(X) = oo PV.. | 25— dz

» Nonlocal operator!
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Fractional Laplacian on R": extension problem

» Caffarelli-Silvestre:

Extension problem

(1-20)

Av + Ov+02v=0, v(-,00=Ff, t>0.

Then
1 (o) . _
—A)7f(x) = =22 = lim 7270, v(t, x).
S (1) e & e
(Dirichlet-to-Neumann)
» Fundamental kernel exists, can be computed explicitly:
t20’

o — - n
Qt(X) = Cn’g(t2+|x|2)0+§’ x €R s t > 0.
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Fractional Laplacian on Riemannian mfds: extension

problem

» Stinga-Torrea: general approach:

1 o du
AP — —u(-A) _q)-2Y
(=) r(—a)/o (e ), 0<o<l

Connects problem with the heat semigroup!

» Banica-Gonzalez-Saez: On “good” noncompact complete
manifolds M, i.e. where given x € M, 93C, >0, € > 0 s.t.
heat kernel h; satisfies

1he (M 2(aty + 10ehe(x, )2y < G(L+ )75,

there exists a fundamental solution Q7 to the extension
problem.
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Fractional Laplacian on Riemannian mfds: extension
problem

» Solution to extension problem:

vxt) = [ QI )y,
M
where Q) is fractional Poisson kernel:

- t2o +00 _2 du
Qf (x,y) = 220—”0)/0 hu(x,y) e 4 ylto

» Examples of “good” mfds: Cartan-Hadamard mfds, Ric> 0.

» Such “good” mfds are stochastically complete, i.e.
Sy he(x, y)du(y) = 1. Thus also [, Q7 (x,y)du(y) = 1.
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Fractional Laplacian on Riemannian mfds: extension
problem

» On R” for 0 = 1/2 ~ Kernel of Poisson operator e tV~—4:

F(n+3) t
n+1 n+l *

1/2
x) =
. w7 (824 x[2)"7

Asymptotics for Poisson operator on R" (Vazquez)
Let f€LY(R") and M := [z, f(x)dx. Then

le™™V=2F — M Q* @m0 as t—s+oo.
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Fractional Laplacian on Riemannian mfds: extension
problem

» On R” for 0 = 1/2 ~ Kernel of Poisson operator e tV~—4:

F(n+3) t
n+1 n+l *

1/2
x) =
. w7 (824 x[2)"7

Asymptotics for Poisson operator on R" (Vazquez)
Let f€LY(R") and M := [z, f(x)dx. Then

le™™V=2F — M Q* @m0 as t—s+oo.

» Question: Convergence true for o € (0, 1), different geometry?
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Interlude: Heat equation on R”

Heat equation

Oru(t,x) = Axu(t,x) Vt>0,VxeR"
u(0,x) = f(x) VxeR"

Heat kernel

Let f€LY(R") and M := [z, f(x)dx. Then

|u(t,")—Mh¢||;r — 0 as t— +oc.
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Interlude: Heat equation on Riemannian mfds of Ric > 0

> M: complete, connected, noncompact Riemannian manifold
of nonnegative Ricci curvature

» Volume is doubling, i.e., for all x € M and r > 0, we have
V(x,2r) < CV(x,r).

Two-sided estimates of the heat kernel [Li-Yau (1986)]
C1 -G d2(:m) < h < G —@ dz(:yy)
e M P
[Grigor'yan-P.-Zhang (2023)]

For M as above, fix a base point xg € M and assume initial data
f € LY(M). Then as t — +oo,

lu(t, =) = Mhe(- . x0)l[2my — O
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Hyperbolic space

» Complete Riemannian manifold, simply connected, sectional
curvature —1

» Model: hyperboloid
{xeR™ |52+ ... +x2 —x0 =-1,x>1}
hyperbolic metric ds® = dx12+ e dXE— dx§|T -
» Polar coordinates: x = (cosh r,sinhr w), r >0, w € S™1 ~
r = d(x, o) distance to origin o = (1,0, ...,0)

P Distance between two arbitrary points:
d(x,x") = cosh™*(cosh r cosh r' — sinh rsinh r’ w - ')

» dvol = ¢, sinh™ ! rdr dw
> H" = G/K, G =S0%n,1), K =SO(n) ~
symmetric space of noncompact type and rank one
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Heat kernel on H"

Upper/lower bounds [Davies-Mandouvalos (1988), Anker-Ji
(1999), Anker-Ostellari (2003)]

n—3 nfl)zt_ n—1 =

he(x,y) < t 2 (1+r)(1+t+r)7 e (2 Sir-o

for every t >0 and for every x,y € H", where r=d(x, y).
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Heat kernel on H"

Upper/lower bounds [Davies-Mandouvalos (1988), Anker-Ji
(1999), Anker-Ostellari (2003)]

3

-

~
N

n—3 n—1 )2 t—

he(x,y) <t 2(1+r)(1+t+r)7 e (5
for every t >0 and for every x,y € H", where r=d(x, y).

Asymptotics [Vazquez (2019)], [Anker-P.-Zhang (2023)]

Let fe LY(H"), M:= [g.f. Assume f is radial, i.e., f(x) depends
only on r=d(x,0). Then

|6 *CAF — Mhe(-,0)ll2amy — 0 s t—+oo.

Moreover, this result may fail if f is not radial.
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Fourier analysis on H" = G/K [Harish—Chandra, Helgason]

» For x = (r,w) € H", A€ R, # € S"1, define

A(x,0) := log(cosh r —sinh rw - 6)

ex0(x) 1= exp{ (i)\ - n;l) A(x,0)}

oa(x) = / ey 0(x) df = elementary spherical function of index X
Sn—1

> Properties: ) radial, oy = p_, A e C
» Helgason-Fourier transform

HI(A0) = / F(x) ena(x) du(x)
» Spherical Fourier transform (of radial functions)
MO 0) = HEO) = [ 1) pa(x) du(x)
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Return to extension problem on H"

» For any o € (0, 1), solution to

(1-20)0v , v _

Av+ oo+ o3 =0, v(0,x) = f(x), t>0, xeH",

is given by
Wtx) = [ Q) Fy)duly).

» Q7 radial, by subordination to (radial) heat kernel.
» Upper and lower bounds [Bhowmik-Pusti (2022)]:

t27(t2 4 r?) 27, ?2+r2<1
t2°'(t2+r2)_1_%(1+r)e_n74re_n51 PH2 2425

Q7 (r) = {
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Large-time asymptotics in L}(H") for extension problem

[P. (2024)]

Let f € L1(H") be radial, v solution to extension problem with initial
data f. Set M := [, f. Then

llv(t, -) — M Q7 (-, O)HLI(Hn) — 0 as t — +oo.

Convergence fails in general without radiality assumption
(counterexample: any solution Q¢(+,y), y # 0).

» Result extends to all noncompact symmetric spaces of
arbitrary rank.
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Large-time asymptotics in L}(H") for extension problem

Fractional Poisson kernel concentration: critical region [P. (2024)]

For any o € (0,1), the fractional Poisson kernel QY concentrates
asymptotically in the annulus

Q, = {xeH"|t** < d(x,0) < t2*<},

0 < € < 2, in the sense that

[ @) > 1 ie [ @iG)du) o,
Q; H Q¢
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Large-time asymptotics in L}(H") for extension problem

Fractional Poisson kernel concentration: critical region [P. (2024)]

For any o € (0,1), the fractional Poisson kernel QY concentrates
asymptotically in the annulus

Q, = {xeH"|t** < d(x,0) < t2*<},

0 < € < 2, in the sense that

[ @) > 1 ie [ @iG)du) o,
Q; H Q¢

» Comparison: critical region for Q7 on R":
Q= {xeR"|t17¢ <d(x,0) < t1*¢}.
» For h; on H":
Q= {xe€H"|(n—1)t — t¥/?T5 <d(x,0) < (n— 1)t + t}/2F=},
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Sketch of the proof

» By density, we may assume that f € C.(H").
Assume suppf C{x € H" : d(x,0) < }.
» Qutside the critical region €;: On the one hand,
/ Q7 (x) du(x) — 0.
H"\Qt
On the other hand, control L' norm of
W(tx)= [ Q7(x.y) F(¥) du(y)

by reduction to fractional Poisson kernel asymptotics to
deduce that

vt ) oEnq) — 0.
» Inside the critical region Q;: Use fractional Poisson kernel
large-time asymptotics for the difference v(t,x) — M Q7 (x).
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Estimate outside the critical region

> We have v(t,x) = [g(o¢) Q7 (x,¥)f(y) duly), therefore

(e, Moy < [ 1O Qxy)du(x)du(y)
B(0) HN Qe
> If x e H" . Q; theanH"\Si:y, where
o n 2—¢ 1 2+4¢
Qy=¢xcH"|2t Sd(x,y)git .

» Therefore,

[ @eenauts [ 07ty dutx),
H Q¢

H"\Qt’y
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Estimate outside the critical region

» By fractional Poisson kernel estimates

Iv(t, Ile@e ey S MflloEny ™7 ve> 1

> Altogether,

Iv(t, - ) =M Q¢ [l rnay < lut; )o@ a)+MIQF | @na) — 0
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Critical region: fractional Poisson kernel asymptotics

» Write

V(tx) = MQE(x) = [ (@7(x.y) = Q7() F(y) duy)

= Q7 (x) /B o) (C‘m - 1) f(y)du(y).

» Aim: Find asymptotics for the quotient

Q7 (d(x,y))
Q7 (d(x,0))

for x € Q; and y # o, d(y,0) < &.
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Critical region: fractional Poisson kernel asymptotics

[P. (2024)]

— 1 .
A0~ €y (T ) A
X e‘%f—% t2+r2, as t 4 r — 4oo.

1 _ (s+1/2)[(s/24(n—1)/4)
v(s) = = T(s/241/4
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Critical region: fractional Poisson kernel asymptotics

[P. (2024)]

— 1 .
A0~ €y (T ) A
X e‘%f—% t2+r2, as t 4 r — 4oo.

» Quotient for large time, when t°~—¢ < d(x, 0) < t**¢, y bdd:

n—1 _ d(x,0)+d(x.y)
Qg(d(X’y)) 2 (d(X7O) d(X’y)) <1+\/t2+d2(x,o)+\/t2+d2(x,y))

» As t — +oo: Blue term — 1; d(x,0) —d(x,y) — ?

1 _ (s+1/2)[(s/24(n—1)/4)
v(s) = = T(s/241/4
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Critical region: heat kernel asymptotics

[P. (2024)]
For (r,w) = x € Q; and y = (s, ) bounded,

d(x,0) — d(x,y) = log(cosh s — sinhsw - §) + O(t~27*)
= A(y,w) + O(t727¢),
» In the case of H", one can use known formula for d(x, y)

» In general LHS defines a Busemann function

» For higher rank symmetric spaces, compute using Iwasawa
decomposition
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Critical region: heat kernel asymptotics

[P. (2024)]

For x €€, y bounded and t— +o0,

g = e2a) £ O(e249), p= 15k

» Recall Helgason-Fourier transform for f € C.(H"):
) = [ () epl(=id+ p)AY.w)} du(y)

» By previous asymptotics

() = M) = Q7 () [ (o0 =) ) duty
= Q) | HAlipw) ~ HF(-ip) +O(t2% |l
~—— —_—
Jo, 1 e
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Radial vs. non radial data

Radial data: convergence [P. (2024)]
If £ is radial, then

Htliprw) = Hi(ip) = Hf(—ip) = HE(—imw) = | f,

Hn

thus o .
Iv(t, ) = M QFl| 1 amy —— 0.

Non radial data: counterexample [P. (2024)]

Take y # o initial data f = 9, ~~ solution: displaced kernel
v(t,x)=Qf(xy)
Then
1Q7(y) — Q7 (-, 0)l 13y 2 / 2070 _ 1] du

which is >0 if y # o.
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THANK YOU
FOR YOUR ATTENTION!
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Details on higher rank

Critical region on higher rank

Let 0 < ¢ < 1. Consider in a the annulus
275 < |H| < t2*°
and the solid cone I'(t) with angle
() =1t"%

around the p-axis, and denote by €; their intersection. Then, the
critical region for the fractional Poisson kernel is K(exp Q:)K, in the
sense that

/ Q7 (g)dg — 0, ast — +oc.
G K(expQ:)K
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Details on higher rank

-~ wall

Figure: Flat part €; of critical region
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Details on higher rank

Let x € K(expQ:)K and let y be bounded. Then

(p,xT) = (p, (y 7)) = lpllx ] = |pll(y~2%) | + O(t™2).

» Then one can use a calculation for the Busemann function
relying on the Iwasawa decomposition
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