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Profit function

Let n ≥ 1, denote R+ = [0,∞) and consider a positive measure µ
supported by Rn

+. The integral transform

Π(p, p0) =

∫
Rn

+

(p0 − p · x)+µ(dx),

can be regarded as the profit function, with p0 ≥ 0 price per unit
output and p = (p1, p2, . . . , pn) are the prices of production factors
of technologies characterized by a vector x ∈ Rn

+ and distributed
by µ.
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Some basic questions

Is the distribution unique with a given profit function?

Characterization of all possible profit functions.

Can the distribution be reconstructed from the profit function?
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Relation to Radon transform

Assume first µ(dx) = ξ(x)dx , where ξ is a smooth function,
rapidly decaying at infinity. Then

∂Π(p, p0)

∂p0
=

∫
{x∈Rn

+; p·x≤p0}
ξ(x)dx ,

and
∂2Π(p, p0)

∂p2
0

=

∫
Rn

+

ξ(x)δ(p0 − p · x)dx .
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Link to well studied transforms

L(µ)(p) =

∫ ∞
0

e−τ
∂2Π(p, τ)

∂τ2
dτ =

∫
Rn

+

e−p·xµ(dx),

and

F(µ)(p, p0) =

∫ ∞
0

1

τ + p0

∂2Π(p, τ)

∂τ2
dτ =

∫
Rn

+

1

p · x + p0
µ(dx).
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Uniqueness

Follows from the uniqueness of Laplace transform: if the positive
measure µ satisfies ∫

Rn
+

e−A|x |µ(dx) <∞,

for some A > 0, then Π(p, p0), |p| > A, determines µ.

The inversion is more challenging, because the observable data are
only for p ∈ Rn

+.
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The Fantappiè transform

Let Γ ⊂ Rn be an acute, convex, solid cone and let
Γ∗ = {y ∈ Rn; x · y ≥ 0, x ∈ Γ}.
Let µ be a positive measure of finite mass and supported by Γ∗.
The Fantappiè transform of µ is the function

Φ(p, p0) =

∫
Γ∗

µ(dx)

p0 + p · x
, p ∈ Γ, p0 > 0.

Much aligned with the 1D Stieltjes transform.
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Hand in hand with Laplace transform

∫
Γ∗

µ(dx)

p0 + p · x
=

∫ ∞
0

e−p0τL(µ)(τp)dτ.

Suggesting the efficient inversion approach.
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Analytic continuation

The Fantappiè integral transform extends analytically to the
complex domain:

Φ(u0, u) ,
∫

Γ∗

dµ(x)

u0 + u · x
, <u ∈ intΓ,<u0 > 0,

retaining, by definition, homogeneity of degree −1 in the complex
argument (u0, u) ∈ C× Cd . Let Ω = (0,∞)× intΓ ⊂ Rd+1 be the
interior of the domain of continuity of the real Fantappiè transform.
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Herglotz-Nevanlinna type property

For any finite mass, positive measure µ supported on Γ∗,

<Φ(u0, u) =

∫
Γ∗

(<u0 + (<u) · x)dµ(x)

|u0 + u · x |2
≥ 0,

and the tube domain Ω× iRn+1 is a homogeneous space, with a
well known harmonic analysis.
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Characterization of Fantappiè transforms

Theorem (Bernstein, Bochner, Gilbert, Henkin, Shananin):

Let Γ ⊂ Rn be an acute, convex, solid cone and let
F ∈ C∞(int(Γ× R+)) continuous on Γ× R+. The function F is
the Fantappiè transform of a positive measure supported by the
dual cone Γ∗ if and only if F (p, p0) is homogeneous of degree −1
and it is completely monotonic, that is

(−1)|α|DαF ≥ 0, in int(Γ× R+),

for all multi-indices α ∈ Nn+1.
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Separate monotonicity suffices

A function F (p0, p1, . . . , pn) is completely monotone in Rn+1
+ if and

only if its is completely monotone in each variable separately, and

(−1)|α|(DαF )(r(k)) ≥ 0, α ∈ Nn+1,

where the sequence of points r(k) ∈ intRn+1
+ satisfies

lim
k

n
min
j=0
|r(k)j | =∞.

Bonus: characterization of transforms of compactly supported
measures, closed form of extremal rays,...
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Inversion

As defined,

F(µ)(p, p0) =

∫
Γ∗

µ(dx)

p0 + p · x
,

or

L(µ)(p) =

∫
Γ∗

e−pxµ(dx),

are known only for p ∈ Γ, p0 > 0.
Real inversion, alternative to Stieltjes complex variable inversion
was proposed by Widder (in 1D):

µ([0, x ]) = lim
p→∞

[xp]∑
k=0

(−p)k

k!
L(µ)(k)(p).

A higher dimensional analog exists for tempered measures.
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Analytic duality in complex affine space

Given a measure µ with compact support on Cn, its Fantappiè
transform is

(Fµ)(z) =

∫
dµ(w)

1− w∗z
,

defined and analytic for every z ∈ C, such that
〈z , supp(µ)〉 = z · supp(µ)∗ 6= 1.

Again, related to the Laplace-Fourier transform:

(Fµ)(z) =

∫ ∞
0

(

∫
etzw

∗
dµ(w))e−tdt.
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Fanttapiè’s credo

Let K ⊂ C be a compact set and L : O(K ) −→ C a linear,
continuous functional. Denote

g(z) = L[
1

2πi

1

z − ·
], z /∈ K ,

the indicatrix of L, as an analytic function defined on C \ K ,
normalized by g(∞) = 0.

Let f ∈ O(K ) and Γ a collection of closed curves in the domain of
f , surrounding K . For every z ∈ K

f (z) =
1

2πi

∫
Γ

f (w)dw

w − z
.
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The continuity of the functional L implies

L(f ) =
1

2πi

∫
Γ
f (w)L(

1

w − ·
)dw =

∫
Γ
f (w)g(w)dw .

And vice-versa, any such holomorphic function g produces a
continuous linear functional L, with the astonishing conclusion
(Grothendieck-Köthe duality):

O(K )′ = {g ∈ O(C \ K ); g(∞) = 0}.
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Martineau-Aizenberg duality theorem

For a bounded convex domain Ω ⊂ Cn, the Fantappiè transform
establishes a continuous bijection between the space of analytic
germs on Ω and the space of analytic functions on the ”dual”
domain Ω◦ = {z ∈ C; 〈z ,Ω〉 6= 1.}:

Towards the proof:
Assume Ωk is convex, relatively compact in B, so that B ⊂ Ω◦k .
Let H(Ω◦k) = F(L2

a(Ωk)), endowed with the norm which makes

F : L2
a(Ωk) −→ H(Ω◦k)

unitary.
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Assume that Ωk is a decreasing sequence of domains,

Ω = ∩∞k=1Ωk , Ω◦ = ∪∞k=1Ω◦k .

Then the non-degenerate pairing between L2
a(Ωk) and H(Ω◦k)

(f ,Fg) = 〈f , g〉2,Ω

carries over to a non-degenerate pairing between

O(Ω) = lim
→

L2
a(Ωk)

and
O(Ω◦) = lim

←
O(Ω◦k).
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On power series, carrying their domains of convergence each, the
pairing becomes

(
∑
α

aαz
α,
∑
β

bβz
β) =

∑
α

aαbα
α!

|α|!
.

Define for later use, the sesquilinear form

Q(f , g) = (f , g) + f (0)g(0) =
∑
α 6=0

aαbα
α!

|α|!
+ 2a0b0.
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Lost uniqueness

Let C be a big circle on the sphere ∂B and let σ be the normalized
arc length measure on C . Then∫

C

σ(dζ)

1− ζ∗z
= 1, z ∈ B.
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Dual of Fantappiè transforms

A closer look at analytic functions in the ball with non-negative
real part. Notation

O+(B) = {f ∈ O(B) : <f ≥ 0},

M+(B) = {f = 2Fµ− µ(S) + it; µ ≥ 0 on S , t ∈ R}

that is

f (z) =

∫
S

1 + w∗z

1− w∗z
dµ(w) + it.

Clearly M+(B) ⊂ O+(B) because <1+w∗z
1−w∗z ≥ 0. Hence all positive

measures µ are allowed!
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Dual cones

Denote
A† = {f : <Q(f , g) ≥ 0, ∀g ∈ A}.

Theorem (JMcCarthy-P)

O+(B)† =M+(B) and

M+(B)† = O+(B).
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“Transfer function” realization

For every f ∈M+(B) there exists a commutative spherical
isometry, i.e. a n-tuple of operators T = (T1, ...,Tn) acting on a
Hilbert space H satisfying T ∗1 T1 + ...+ T ∗nTn = I and a vector
ξ ∈ H, such that

f (z) = 〈[2(I − z1T1 − ...− znTn)−1 − 1]ξ, ξ〉+ it, t ∈ R.

And vice-versa.
Moreover, if S = (S1, · · · ,Sn) is a commutative n-tuple of
operators satisfying the quantized unit ball inequality:

S∗1S1 + S∗2S2 + · · ·+ S∗nSn ≤ I

and f ∈M+(B), then von-Neumann inequality <f (S) ≥ 0 holds
true.
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Drury-Arveson space

Also known as the symmetric Fock space:
H2
n(B) with reproducing kernel 1

1−w∗z .

Mult H2
n(B) ⊂ H∞(B)

is the natural framework for bounded analytic interpolation in
higher dimension.

Therorem. (Agler-McCarthy) H2
n(B) is universal among all

reproducing Hilbert spaces with the Nevanlinna-Pick property.
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Multiplicative Theory
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Markov’s Problem

Moment problem for measures of the form g(t)dt with a Lebesgue
measurable function g : [−1, 1] −→ [0, 1].

The power moments

sk(g) =
∫ 1
−1 g(t)tndt, k ≥ 0, can be arranged into the generating

analytic series (Cauchy transform):

∞∑
k=0

sk(g)

zk+1
= −

∫ 1

−1

g(t)dt

t − z
, |z | > 1.

The key property of these rather special generating series was
discovered by A. Markov, via the formal exponential transform:

exp[−
∞∑
k=0

sk(g)

zk+1
] = 1−

∞∑
k=0

tk(g)

zk+1
.
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A. Markoff transform-Math. Ann. 1896
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The measure g(t)dt is determined by finitely many of its moments
if and only if there exists an integer d , such that

det[tj+`(g)]dj ,`=0 = 0,

in which case we already know that g is the sublevel set of a
polynomial function, that is a finite collection of intervals.
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The exponential transform

The Fantappiè transform UCSB and Newcastle U.



Moreover, in this case the exponential transform is a rational
function

exp[−
∞∑
k=0

sk(g)

zk+1
] =

Q(z)

P(z)
,

with degQ + 1 = degP ≤ d . To determine the polynomials Q and
P one only needs the truncated transform exp[

∑d
k=0

sk (g)
zk+1 ] and a

well known Padé approximation scheme.
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Verification

exp

∫ b

a

dt

t − z
= exp log

b − z

a− z
=

b − z

a− z
= 1 +

b − a

a− z
= 1 +

∫
(b − a)δa(t)

t − z
,

with =z > 0 (to begin with).
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Recognition

Achyeser, N.; Krein, M.

Das Momentenproblem bei der zusẗzlichen Bedingung von A.
Markoff. (German) Commun. Soc. Math. Kharkoff et Inst. Sci.
Math. et Mécan., Univ. Kharkoff, IV. Sér. 12, 13-33 (1935).

Über eine Transformation der reellen Toeplitzschen Formen und
das Momentenproblem in einem endlichen Intervalle. (German)
Commun. Soc. Math. Kharkoff et Inst. Sci. Math. et Mécan.,
Univ. Kharkoff, IV. Sér. 11, 21-26 (1935).

Das Momentenproblem bei der zusätzlichen Bedingung von A.
Markoff. (German) Communications Kharkoff (4) 12, 13-35
(1935).

The Fantappiè transform UCSB and Newcastle U.



Bemerkung zur Arbeit “Über Fouriersche Reihen beschränkter
summierbarer Funktionen und ein neues Extremumproblem”.
(German) Communications Kharkoff (4) 12, 37-40 (1935).

Über Fouriersche Reihen beschränkter summierbarer Funktionen
und ein neues Extremumproblem. II. (German) Commun. Soc.
Math. Kharkoff et Inst. Sci. Math. et Mécan., Univ. Kharkoff, IV.
Sér. 10, 3-32 (1934).

Über Fouriersche Reihen beschränkter summierbarer Funktionen
und ein neues Extremumproblem. I. (German) Commun. Soc.
Math. Kharkoff et Inst. Sci. Math. et Mecan., Univ. Kharkoff, IV.
Sér. 9, 9-28 (1934).
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More recent book

M. G. Krein and A. A. Nudelman.
The Markov moment problem and extremal problems. American
Mathematical Society, Providence, R.I., 1977. Ideas and problems
of P. L. Čebyšev and A. A. Markov and their further development,
Translated from the Russian by D. Louvish, Translations of
Mathematical Monographs, Vol. 50.

Abstract framework: can work with more general collections of
functions (Chebyshev systems), or with trigonometric polynomials
on a torus.

The Fantappiè transform UCSB and Newcastle U.



Shade degree reconstruction

Let µ denote a positive Borel measure on Rn, rapidly decreasing at
infinity.
Assume

(

∫
|p|dµ = 0, p ∈ R[x ]) ⇒ (p = 0).

Then
R[x ] ⊂ L1(µ).

Typical example: Lebesgue measure on a square, or a disk.

The Fantappiè transform UCSB and Newcastle U.



Shade degree reconstruction

Let µ denote a positive Borel measure on Rn, rapidly decreasing at
infinity.
Assume

(

∫
|p|dµ = 0, p ∈ R[x ]) ⇒ (p = 0).

Then
R[x ] ⊂ L1(µ).

Typical example: Lebesgue measure on a square, or a disk.
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L-problem of moments

Fix a positive integer N and a positive L.

Problem. Reconstruct, or approximate, a shade function
g ∈ L1(µ), −L ≤ g ≤ L, µ− a.e., from a finite section of its
power moments:

sα(g) =

∫
xαgdµ, |α| ≤ N.
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Convexity in action

The collection of moments s(g) = (sα(g))|α|≤N fills, with varying
g , a convex set K in a finite dimensional euclidean space V .

Every linear functional Φ defined on V is given by a polynomial
p ∈ R[x ] of degree less than or equal to N. To be more precise, for
p(x) =

∑
|α|≤N pαx

α,

Φ(s(g)) =
∑
α

pαsα(g) =

∫
pgdµ.

Whence

Φ(s(g)) =

∫
pgdµ ≤ ‖g‖∞‖p‖1 ≤ L‖p‖1,

where the infinity norm is taken on the support of the measure µ
and ‖ · ‖1 = ‖ · ‖1,µ.
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If the point s(g) lies in the interior of the convex set K , or the
above inequality is strict for at least one linear functional, then the
original shade function g is not determined by its measurements
s(g).

On the contrary, if∫
hgdµ = L‖h‖1, deg(h) ≤ N,

then necessarily g(x) = L sgn(h).
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Conclusion

Thus only black and white “pictures” (by ad-hoc convention L is
black and −L is white), delimited by a single algebraic equation
h(x) = 0 are determined by the power moments of degree up to N.
And vice-versa.

Minor renormalization: can start with shade functions g ∈ L1(µ)
subject to the bounds 0 ≤ g ≤ 1. Then we infer that g is
determined by its power moments (sα(g))|α|≤N if and only if
g = χE is the characteristic function of the non-negativity set

E = {x ∈ Rn, h(x) ≥ 0}

associated to a polynomial h of degree at most N
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Example

E1 = {(x , y) ∈ R2, x ≥ 0, y ≥ 0},

cannot be defined by a single polynomial inequality, while the
union of two opposed orthants

E2 = {(x , y) ∈ R2, xy ≥ 0}

does.

Excercise: prove it!
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Non-trivial consequence

Returning to our orthant example, we can take µ to be Lebesgue
area measure restricted to the unit disk.

For any N ≥ 1, there exists a measurable function f , 0 ≤ f ≤ 1,
different than χE1 , such that∫

E1

xαdµ =

∫
fxαdµ, |α| ≤ N,

and then there are infinitely many such f ′s.
On the other hand, if for a measurable function g , 0 ≤ g ≤ 1, one
has ∫

E2

xαdµ =

∫
gxαdµ, |α| ≤ 2,

then, quite unexpectedly, g = χE2 , µ-a.e. .
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Matrix perturbation

Let A,B be self-adjoint, d × d complex matrices. Assume

B − A = ξ〈·, ξ〉 = ξ ⊗ ξ.

The min-max principle implies:

λ1(A) ≤ λ1(B) ≤ λ2(A) ≤ λ2(B) ≤ . . . ≤ λd(A) ≤ λd(B).

Denote

g =
n∑

j=1

χ[λj (A),λj (B)].
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Perturbation determinant

Then

det(B − z)(A− z)−1 =
d∏

j=1

λj(B)− z

λj(A)− z
= exp

∫
g(t)dt

t − z
.

On the other hand

det(B − z)(A− z)−1 = det[I + (A− z)−1ξ ⊗ ξ] =

1 + 〈(A− z)−1ξ, ξ〉 = 1 +

∫
dµ(t)

t − z
,

in view of the spectral theorem.
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The phase shift

For any polynomial p ∈ C[X ] one has

trace[p(B)− p(A)] =

∫
p′(t)g(t)dt.

Note that g(t) is any extremal solution to the L-problem of
moments on the real line.
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Geometric interlacing phenomenon: Rayleigh Theorem

The principal semi-axes of an ellipsoid in Euclidean space are
interlaced to the principal semi-axes of its intersection with a
hyperplane.
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Multivariable exponential representation

Theorem (Budisič, P.) Let Γ ⊂ Rn be a closed, solid and acute
convex cone and let µ be a finite mass positive measure supported
by the polar cone Γ∗. The Fantappiè transform of the measure µ
admits the exponential representation:∫

Γ∗

dµ(x)

z0 + z · x
= − exp[iF (z0, z)], (z0, z) ∈ TΩ,

where Ω = (0,∞)× intΓ. In its turn, the analytic function F
admits the integral representation

F (ζ) = iC +

∫
Rd+1

H(ζ, σ;α)φ(σ)dσ, ζ = (z0, z) ∈ TΩ,

where φ : Rn+1 −→ [0, π] is a measurable function and C ∈ R is a
real constant.
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Hardy space over the tube domain

TΩ = Rn+1 + iΩ, where Ω = intΓ.

The reproducing kernel of the Hardy space H2(TΩ), also known as
Szegö’s kernel is

S(z ,w) =
1

(2π)d

∫
Ω∗

e i(z−w)·xdx .

H(z ,w ;α) = 2
S(z ,w)S(w , α)

S(z , α)
− |S(w , α)|2

S(α, α)
,

the Herglotz kernel associated to the tube domain TΩ, with
z ,w ∈ TΩ, α ∈ iΩ.
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Example: the orthant

Let Ω = (0,∞)d be the open positive orthant in Rd , self-dual in
the sense Ω∗ = Ω, the closure of itself.
Szegö’s kernel of the tube domain over Ω is

S(z ,w) =
1

(2π)d

∫
Ω∗

e i(z−w)·udu =

1

(2πi)d

d∏
k=1

1

wk − zk
, z ,w ∈ TΩ = Rd + iΩ.
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With the selection of the reference point α = (i , i , ..., i) ∈ iΩ,
Herglotz kernel becomes

H(z , u;α) = 2
S(z , u)S(u, α)

S(z , α)
− |S(u, α)|2

S(α, α)

=
1

(2π)d

[
2

d∏
k=1

1− izk
(uk − zk)(uk + i)

−
d∏

k=1

2

1 + u2
k

]

= 2
d∏

k=1

1

2πi

(
1

uk − zk
− 1

uk + i

)
−

d∏
k=1

1

2πi

(
1

uk − i
− 1

uk + i

)
.

The Fantappiè transform UCSB and Newcastle U.



In particular, for d = 1 we recover the familiar Szegö kernel
S(z ,w) = 1

2πi
1

w−z of the upper half plane, and Herglotz kernel
becomes

H(z , u; i) =
1

πi

(
1

u − z
− u

u2 + 1

)
.
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Verification

Let Φ(z) be an analytic function, mapping the open upper
half-plane into itself and satisfying lims→∞Φ(is) = 0. Then ln Φ(z)
is well defined, with = ln Φ(z) ∈ (0, π).

Φ(z) = exp[iF (z)], =z > 0,

where F (z) is analytic, <F (z) ∈ (0, π) and

F (z) = i=F (i) +

∫
R
H(z , u : i)φ(u)du,

and φ ∈ L∞(R), 0 ≤ φ ≤ π. In conclusion, we obtain the
representation

Φ(z) = e=F (i) exp

∫
R

(
1

u − z
− u

u2 + 1

)
φ(u)

π
du.
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Dirichlet measure

Let ∆n be the simplex (x0, x1, . . . , xn) ∈ Rn+1
+ ,

x0 + x1 + . . .+ xn = 1. Dirichlet’s measure with parameters
τ0, τ1, . . . , τn > 0, τ0 + τ1 + . . .+ τn = 1, supported by ∆n is

µ(dx) =
xτ0−1

0 xτ1−1
1 . . . xτn−1

n

Γ(τ0)Γ(τ0) . . . Γ(τn)
dx .

Then ∫
∆n

µ(dx)

1− x0z0 − x1z1 − . . .− xnzn
=

n∏
j=0

(1− zj)
−τj .
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Markov-Krein correspondence

Better ∫
∆n

µ(dx)

1− xz
= exp

∫
log

1

1− xz
σ(dx), z ∈ iRn+1,

where

σ(dx) =
n∑

j=0

τjδej ,

xz = x0z0 + x1z1 + . . .+ xnzn.
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Functoriality

Theorem (Kerov-Tsilevich) Let µ, σ be probability measures on
Rn+1 entering into Markov-Krein correspondence:∫

µ(dx)

1− xz
= exp

∫
log

1

1− xz
σ(dx), z ∈ iRn+1,

and let f : Rn+1 −→ Rk be an affine map. Then∫
f∗µ(dx)

1− xz
= exp

∫
log

1

1− xz
f∗σ(dx), z ∈ iRn+1.
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Surjectivity

Fort every probability measure σ of compact support on Rn+1

there exists a probability measure µ satisfying∫
µ(dx)

1− xz
= exp

∫
log

1

1− xz
σ(dx), z ∈ iRn+1,

Relevant for Dirichlet processes and representation theory of the
infinite symmetric group.
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Probabilistic interpretation

Let 0 < x0 < x1 < . . . < xn be fixed. On the simplex ∆n with
coordinates (p0, p1, . . . , pn) consider the Dirichlet distribution

µ(dp) =
pτ0−1

0 pτ1−1
1 . . . pτn−1

n

Γ(τ0)Γ(τ0) . . . Γ(τn)
dx .

Let M a discrete probability measure with weight pk supported by
xk , 0 ≤ k ≤ n, where (p0, p1, . . . , pn) is distributed according to µ.
The distribution of the mean value X =

∑n
k=0 xkpk of the random

measure M is the Markov-Krein transform of τ =
∑n

k=0 τkδxk .
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Cifarelli and Regazzini formula

Let τ be a probability distribution on R satisfying∫
R

log(1 + |x |)τ(dx) <∞.

Then the measure µ in the Krein-Markov transform has density:

µ(dx)

dx
(a) =

sin(τ(a,∞)π)

π
exp

∫
log

1

|t − a|
τ(dt).
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Simplex in complex space

Let a0, a1, . . . , ak ∈ Cn and ∆k the real simplex. The measure

µ(f ) =

∫
∆k

f (
k∑
0

tjaj)dt0dt1 . . . dtk , f ∈ O(Cn),

defines the analytic functional

µa0,a1,...,ak =
k∏

j=1

(j −
n∑

k=1

zk
∂

∂zk
)µ.

Then

µa0,a1,...,ak (
1

1− ∗ · z
) =

k∏
j=0

1

1− aj · z
.
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1D splines

Consider n ≥ 3 and ν =
∑n

j=1 δaj , where a1 < a2 < . . . < an. Then∫
R

h(x)dx

1− xz
= exp(

∫
R

log
1

1− uz
dν(u)) =

n∏
j=1

1

1− ajz
.

The weight is a spline distribution

h(x) = (n − 1)
∑
aj>x

cj(aj − x)n−2,

where cj =
∏

j 6=k
1

ak−aj .
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Cauchy’s measure is left invariant

1

π

∫
R

1

1− xz

dx

1 + x2
= exp

1

π

∫
R

[log
1

1− uz
]

dx

1 + x2

assuming =z > 0.
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The Gaussian

Let

D−1(z) = ez
2/4

∫ ∞
z

e−x
2/2dx .

Then
dτ(u)

du
=

1√
2pi

1

|D−1(iu)|2

is the distribution of a probability measure.
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Simplest continued fraction expansion

∫
R

dτ(u)

z − u
=

1

z − 2
z− 3

z−
...

,
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Markov-Krein transform

1√
2π

∫
R

e−x
2/2

z − x
dx = exp(− 1√

2π

∫
R

log(z − u)du

|D−1(iu)|2
).
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Fantappiè’s book 1943
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Fantappie works
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The projective indicatrix
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Further reading

what is ”syntropy”?
https://frontiersmagazine.org/luigi-fantappie-and-the-physics-of-
life/

Luigi Fantappiè: mathematical analysis, education, and fascism in
Brazil (1934–1939)
https://link.springer.com/article/10.1007/s40329-018-0235-3
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Revista Brasileira de Historia da Ciencia, Rio de Janeiro, v.
10, n. 2, p. 222-232/ 2017

Luigi Fantappiè and his students at the FFCL: autonomy and
professionalization of mathematics in São Paulo

The summary of his activities is here analyzed in comparison with
interviews given by his students years after the establishment of
the FFCL, and with official documents from the University of Sao
Paulo in the 1930s. The general picture gained from this analysis
is that the professionalization of mathematics and its autonomy
from engineering was not achieved in an abrupt way, when the
University was established, but was the result of a long and
conflicting process of which Fantappiè was a key figure.
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