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Our operator

f̂ (ξ) =

∫
R

e−2πixξ f (x) dx .

Fourier uncertainty: "one cannot have an unrestricted control of a
function and its Fourier transform simultaneously."
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Alternative titles

1 Why should you care about the function

(x2 − 1) coth
(
π
√

3
2

)
cosπx −

√
3 x sinπx

x6 − 1
?

2 The moving company project
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This is a story about many mathematical and non-mathematical values
that I particularly like...
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Part I: Prelude
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Prelude
Banff, Canada, 2015

The Geometry, Algebra and Analysis of Algebraic Numbers
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Our basic principle
Theorem (Paley-Wiener)

For f ∈ L2(R), the following are equivalent:

(i) supp(̂f ) ⊂ [−∆,∆].
(ii) f can be extended to an entire function of order 1 and

|f (z)| ≤ Cεe(2π∆+ε)|z| for all ε > 0.

Raymond Paley (1907 - 1933)
Norbert Wiener (1894 - 1964)
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Monotone extremal functions

There I gave a talk about a work with F. Littmann.

Theorem

Let F : C→ C be a real entire function such that:
(i) F has exponential type at most 2π;
(ii) F (x) ≥ sgn(x) for all x ∈ R;
(iii) F is non-decreasing on (−∞,0) and non-increasing on (0,∞).
Then ∫ ∞

−∞

{
F (x)− sgn(x)

}
dx ≥ 2.

The unique extremizer is:

M(x) = −2
∫ x

−∞

sin2 πs
π2s (s + 1)2 ds − 1.
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Hilbert’s inequality

Theorem (around 1908)
If a1, . . . ,aN ∈ C then ∣∣∣∣∣∣

∑
m 6=n

am an

m − n

∣∣∣∣∣∣ ≤ π
∑

n

|an|2
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Weighted Hilbert’s inequality

Theorem (Montgomery and Vaughan - 1974)
Let N ∈ N. Let λ1, . . . , λN be a set of distinct real numbers and define
δn := min{|λn − λm| : m 6= n}. If a1, . . . ,aN ∈ C then∣∣∣∣∣∣

∑
m 6=n

am an

(λm − λn)

∣∣∣∣∣∣ ≤ C
∑

n

|an|2

δn
.

Montgomery and Vaughan: C = (3/2)π;
Preissmann (1984): C = (1.31...)π.
Our proof is for C = 2π (via Fourier analysis).
Conjecture C = π.
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A nice memory
A stroll to the cemetery
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A nice memory
A stroll in the cemetery

We discussed the following "monotone one-delta problem":

Find F : Rd → R, radial and non-negative, of exponential type 2π,
such that F (0) ≥ 1 and

∫
Rd F (x) dx is minimal.

This boils down to the following problem (in dimension 1): given
g : C→ C of exponential type π such that∫

R
|g(x)|2|x | dx = 1,

find the minimal value of∫
R
|g(x)|2|x |d+1 dx .

At the moment I could only solve this for d = 2.
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Part II: Seven years later...
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Fast forward to 2022 at ICTP
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Our analysis group became bigger

Cristian G.-Riquelme Andrea Olivo Antonio Pedro Ramos

Sheldy Ombrosi Lucas Oliveira Mateus Sousa
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A toy model problem
For f ∈ L2(R) with supp(̂f ) ⊂ [−1

2 ,
1
2 ], find the sharp inequality:∫

R
|f (x)|2 dx ≤ C

∫
R
|f (x)|2 x2 dx .

Solution:

‖f‖22 =
∑
n∈Z

∣∣f (n + 1
2)
∣∣2 = 4

∑
n∈Z

1
4
∣∣f (n + 1

2)
∣∣2

≤ 4
∑
n∈Z

(n + 1
2)2 ∣∣f (n + 1

2)
∣∣2

= 4‖x f‖22.

Recall f (x) =
∑

n∈Z
sinπ(x−n− 1

2 )

π(x−n− 1
2 )

f (n + 1
2) . Equality if and only if

f (x) = c
cosπx
x2 − 1

4

.
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Poincaré inequalities
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Poincaré inequalities
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One may ask...

For f ∈ L2(R) with supp(̂f ) ⊂ [−1
2 ,

1
2 ], find the sharp inequalities:∫

R
|f (x)|2 dx ≤ C

∫
R
|f (x)|2 x4 dx .

∫
R
|f (x)|2 dx ≤ C

∫
R
|f (x)|2 x6 dx .∫

R
|f (x)|2 dx ≤ C

∫
R
|f (x)|2 x8 dx .

and so on...
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A sharp uncertainty principle

For example, for f ∈ L2(R) with supp(̂f ) ⊂ [−1
2 ,

1
2 ],∫

R
|f (x)|2 dx ≤

∫
R
|f (x)|2 x6 dx .
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A sharp uncertainty principle

Theorem

For f ∈ L2(R) with supp(̂f ) ⊂ [−1
2 ,

1
2 ], we have∫

R
|f (x)|2 dx ≤

∫
R
|f (x)|2 x6 dx .

This inequality is sharp and the unique extremizer is

f (x) =
(x2 − 1) coth

(
π
√

3
2

)
cosπx −

√
3 x sinπx

x6 − 1
.
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Moving
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Moving
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Setup
For each α > −1 and δ > 0, let Hα(d ; δ) be the Hilbert space of
entire functions F : Cd → C of exponential type at most δ with

‖F‖Hα(d ;δ) :=

(∫
Rd
|F (x)|2 |x|2α+2−d dx

)1/2

<∞.

For α ≥ β > −1 note that Hα(d ; δ) ⊂ Hβ(d ; δ).

Extremal Problem (EP): For α ≥ β > −1 and δ > 0 real
parameters, and d ∈ N, find the value of

(EP)(α, β ; d ; δ) := inf
0 6=F∈Hα(d ;δ)

∫
Rd |F (x)|2 |x|2α+2−d dx∫
Rd |F (x)|2 |x|2β+2−d dx

.
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Part I - Qualitative properties
A change of variables yields:

(EP)(α, β ; d ; δ) = δ2β−2α (EP)(α, β ; d ; 1).

Theorem (Dimension shifts)

(EP)(α, β ; d ; δ) = (EP)(α, β ; 1 ; δ).

Proof involves a suitable radial symmetrization mechanism and an
auxiliary extremal problem.

Theorem (Radial extremizers)
There exists a radial extremizer for (EP)(α, β ; d ; δ).

Theorem (Continuity)
The function (α, β, δ) 7→ (EP)(α, β ; d ; δ) is continuous in the range
α ≥ β > −1 and δ > 0.
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Part II - Asymptotics

Recall we are looking at:

(EP)(α, β ; 1 ; 1) := inf
0 6=f∈Hα(1;1)

∫
R |f (x)|2 |x |2α+1 dx∫
R |f (x)|2 |x |2β+1 dx

.

Theorem (Asymptotics)
For α ≥ β > −1 we have

log
(
(EP)(α, β ; 1 ; 1)

)
= 2(α− β) log(α + 2) + log

(
β + 1
α + 1

)
+ O

((
(α− β)(α + 2)

(α + 1)

)
log

(
2(α + 1)(α− β + 1)

(α− β)(α + 2)

))
,

where the implied constant is universal.
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Part III - Sharp constants
Let Aν(z) = z−νJν(z) and Bν(z) = z−νJν+1(z). Set

Cν(z) =
Bν(z)

Aν(z)
=

Jν+1(z)

Jν(z)
.

Theorem

Let β > −1, let k ∈ N and set λ0 :=
(
(EP)(β + k , β ; 1 ; 1)

)1/2k .
(i) If k = 1 we have λ0 = jβ,1.

(ii) If k ≥ 2, set ` := bk/2c. Then λ0 is the smallest positive solution of

Aβ(λ) detVβ(λ) = 0 ,

where Vβ(λ) is the `× ` matrix with entries (set ω := eπi/k )

(
Vβ(λ)

)
mj =

k−1∑
r=0

ωr(4`−2m−2j+3) Cβ

(
ωrλ

)
.
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For instance, when k = 3 we have

λ 7→ Aβ(λ)
(
Cβ(λ)− Cβ(ωλ) + Cβ(ω2λ)

)
.

where ω = eπi/3.
When β = −1

2 , this reduces to

λ 7→ −
sinλ

(
cosλ− cosh(

√
3λ)
)

cosλ+ cosh(
√

3λ)
.

and one can see that the smallest root is π.
This leads to ∫

R
|f (x)|2 dx ≤

∫
R
|f (x)|2 x6 dx

when supp(̂f ) ⊂ [−1
2 ,

1
2 ].

Emanuel Carneiro Uncertainty principles Sep 2024



For instance, when k = 3 we have

λ 7→ Aβ(λ)
(
Cβ(λ)− Cβ(ωλ) + Cβ(ω2λ)

)
.

where ω = eπi/3.
When β = −1

2 , this reduces to

λ 7→ −
sinλ

(
cosλ− cosh(

√
3λ)
)

cosλ+ cosh(
√

3λ)
.

and one can see that the smallest root is π.
This leads to ∫

R
|f (x)|2 dx ≤

∫
R
|f (x)|2 x6 dx

when supp(̂f ) ⊂ [−1
2 ,

1
2 ].

Emanuel Carneiro Uncertainty principles Sep 2024



For instance, when k = 3 we have

λ 7→ Aβ(λ)
(
Cβ(λ)− Cβ(ωλ) + Cβ(ω2λ)

)
.

where ω = eπi/3.
When β = −1

2 , this reduces to

λ 7→ −
sinλ

(
cosλ− cosh(

√
3λ)
)

cosλ+ cosh(
√

3λ)
.

and one can see that the smallest root is π.
This leads to ∫

R
|f (x)|2 dx ≤

∫
R
|f (x)|2 x6 dx

when supp(̂f ) ⊂ [−1
2 ,

1
2 ].

Emanuel Carneiro Uncertainty principles Sep 2024



Application I - Sharp Poincaré inequalities

Corollary ∫
I
|f (n)(x)|2 dx ≤ C

∫
I
|f (m)(x)|2 dx

for f ∈ H(n+k)
0 (I))

Steklov (1896): (m,n) = (1,0), (2,1)

Janet (1931): (n + 1,n), n ≥ 2.
Petrova (2017): (m,n) integer.

Corollary ∫
Br

∣∣∇n1
(
∆ng

)
(x)
∣∣2 dx ≤ C

∫
Br

∣∣∇m1
(
∆mg

)
(x)
∣∣2 dx

for g ∈W 2m+m1,2
0 (Br )
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Corollary ∫
Br

∣∣∇n1
(
∆ng

)
(x)
∣∣2 dx ≤ C

∫
Br

∣∣∇m1
(
∆mg

)
(x)
∣∣2 dx

for g ∈W 2m+m1,2
0 (Br )
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Poincaré inequalities vs. Fourier uncertainty
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Application II - Monotone one delta problem (even d)

Problem: Find F : Rd → R, radial and non-negative, of exponential
type 2π, such that F (0) ≥ 1 and

∫
Rd F (x) dx is minimal.

Solution boils down to∫
R
|g(x)|2|x | dx ≤ C

∫
R
|g(x)|2|x |d+1 dx .

for g of exponential type π.

Remark: The case d = 1 was numerically studied by A. Chirre, D.
Dimitrov, E. Quesada-Herrera and M. Sousa (PAMS ’24). They arrived
a very precise approximation of the answer (1.27...).
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A generalization (de Branges spaces)

Let E : C→ C be a Hermite-Biehler function, i.e. |E∗(z)| < |E(z)|
for z ∈ U (here E∗(z) := E(z)).
Let H(E) be the space of entire functions F such that

‖F‖2H(E) :=

∫
R
|F (x)|2|E(x)|−2 dx <∞

and such that F/E and F ∗/E have bounded type on U and
non-positive mean type.
The problem is

(EP2)(E ; k) := inf
06=f∈H(E)

‖zk F‖2H(E)

‖F‖2H(E)

.

Write E = A− iB with A and B real entire.
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Glimpse of the strategy
If f is even (set ξn = π(n − 1

2)).

f (z) =
∞∑

n=1

2 ξnf (ξn)
cos z

(z2 − ξ2
n)
.

If g = zk f is in the space (say k is even) then

g(z) =
∞∑

n=1

2 ξk+1
n f (ξn)

cos z
(z2 − ξ2

n)
.

The constraints 0 = g(0) = g′(0) = ... = g(k−1)(0) lead to (let
f (ξn) = an)

∞∑
n=1

ξk−2j+1
n an = 0 (j = 1,2, . . . , k/2).

Hence one arrives at the following problem. Find

λ2k
0 = inf

{an}∈A

∑∞
n=1 a2

n ξ
2k
n∑∞

n=1 a2
n

.
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Part III: Two more years later...
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Sign uncertainty principle
Bourgain, Kahane and Clozel, 2010

A continuous f : Rd → R is eventually non-negative if f (x) ≥ 0 for
sufficiently large |x |, and we define

r(f ) := inf{r > 0 : f (x) ≥ 0 for all |x | ≥ r}.

-� -� � �

-�

�

�

f (x) = (x10 − 8x8 + 15x6 − x4 − 2x2 − 1)e−x2
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Sign uncertainty principle
Bourgain, Kahane and Clozel, 2010

Consider the family:

A(d) =


f ∈ L1(Rd ) \ {0} continuous, even, real-valued; f̂ ∈ L1(Rd );

f (0) =
∫
Rd f̂ ≤ 0 ; f̂ (0) =

∫
Rd f ≤ 0;

f and f̂ are eventually non-negative.

 .

Define
A(d) := inf

f∈A(d)

√
r(f ) r

(̂
f
)
.

(note that this is invariant under dilations fδ(x) := f (δx)).
They show: √

d + 2
2π

≥ A(d) ≥
√

d
2πe

.

Emanuel Carneiro Uncertainty principles Sep 2024



Sign uncertainty principle
Bourgain, Kahane and Clozel, 2010

Consider the family:

A(d) =


f ∈ L1(Rd ) \ {0} continuous, even, real-valued; f̂ ∈ L1(Rd );

f (0) =
∫
Rd f̂ ≤ 0 ; f̂ (0) =

∫
Rd f ≤ 0;

f and f̂ are eventually non-negative.

 .

Define
A(d) := inf

f∈A(d)

√
r(f ) r

(̂
f
)
.

(note that this is invariant under dilations fδ(x) := f (δx)).
They show: √

d + 2
2π

≥ A(d) ≥
√

d
2πe

.

Emanuel Carneiro Uncertainty principles Sep 2024



Sign uncertainty principle
Bourgain, Kahane and Clozel, 2010

Consider the family:

A(d) =


f ∈ L1(Rd ) \ {0} continuous, even, real-valued; f̂ ∈ L1(Rd );

f (0) =
∫
Rd f̂ ≤ 0 ; f̂ (0) =

∫
Rd f ≤ 0;

f and f̂ are eventually non-negative.

 .

Define
A(d) := inf

f∈A(d)

√
r(f ) r

(̂
f
)
.

(note that this is invariant under dilations fδ(x) := f (δx)).
They show: √

d + 2
2π

≥ A(d) ≥
√

d
2πe

.

Emanuel Carneiro Uncertainty principles Sep 2024



A related problem

Given a locally finite, even and non-negative Borel measure µ on R,
δ > 0, find

E(µ; δ) := inf
06=F∈E(µ;δ)

r(F ) ,

where the infimum is taken over the class of functions

E(µ; δ) :=


F real entire of exp. type at most δ;

F ∈ L1(R, µ) and
∫
R F (x) dµ(x) ≤ 0;

F is eventually non-negative.

 .
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Zeros of L-functions

Katz and Sarnak conjectured that for each family {L(s, f ), f ∈ F}

lim
Q→∞

1
|F(Q)|

∑
f∈F(Q)

∑
γf

φ

(
γf

log cf

2π

)
=

∫
R
φ(x) W (x) dx ,

for φ : R→ R is an even, Schwartz with φ̂ compactly supported.

W (x) = 1± a
sin 2πx

2πx
+ b δ(x).

To find bounds for γf : let

I φ ≥ 0 for |x | ≥ r

I
∫
R φ(x) W (x) dx < 0.
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A glimpse on our results
Theorem (with A. P. Ramos and T. Ismoilov)

If dµ(x) = |E(x)|−2 dx (in an integral sense), letting ξ1 be the first
positive zero of A(z) = E(z) + E(z),

E(µ; δ) = ξ1.

Unique extremizers are

F (z) =
A(z)2

(z2 − ξ2
1)
.

1 Polyn. reductions: one sign change F (x) = (x2− r2)H(x); H ≥ 0.
2 Krein factorization H(z) = U(z)U(z).
3 ∫

F dµ ≤ 0 ⇐⇒ r2 ≥
∫

x2 |U(x)|2 dµ∫
|U(x)|2 dµ

.
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Many thanks!
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Zeros of L-functions

Let F be a set of number theoretical objects. For f ∈ F associate

L(s, f ) =
∞∑

n=1

λf (n) n−s ,

Conductor cf and assume GRH. Denote the non-trivial zeros by
ρf = 1

2 + iγf . Let F(Q) := {f ∈ F : cf = Q}.

Katz and Sarnak conjectured that for each family {L(s, f ), f ∈ F}

lim
Q→∞

1
|F(Q)|

∑
f∈F(Q)

∑
γf

φ

(
γf

log cf

2π

)
=

∫
R
φ(x) WG(x) dx ,

for φ : R→ R is an even, Schwartz with φ̂ compactly supported.
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For the five symmetry groups, Katz and Sarnak determined the density
functions:

WU(x) = 1 ;

WSp(x) = 1− sin 2πx
2πx

;

WO(x) = 1 + 1
2δ(x) ;

WSO(even)(x) = 1 +
sin 2πx

2πx
;

WSO(odd)(x) = 1− sin 2πx
2πx

+ δ(x).
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Analysis question
Assume the validity of

lim
Q→∞

1
|F(Q)|

∑
f∈F(Q)

∑
γf

φ

(
γf

log cf

2π

)
=

∫
R
φ(x) WG(x) dx ,

for even Schwartz functions φ : R→ R with supp
(
φ̂
)
⊂ [−∆,∆],

with ∆ > 0 fixed; what is the sharpest upper bound that one can
get for the height of the first zero in the family as Q →∞?

Put φ(x) = (x2 − a2)|g(x)|2 with
∫
R φ(x) WG(x) dx < 0. Then

lim sup
Q→∞

min
γf

f∈F(Q)

∣∣∣∣γf log cf

2π

∣∣∣∣ ≤ a.

Note that the blue condition is equivalent to∫
R x2|g(x)|2 WG(x) dx∫
R |g(x)|2 WG(x) dx

< a2.
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Proof
Let ψ(x) := M(x)− sgn(x) and ψδ(x) := ψ(δx), for δ > 0.
Then ψ̂δ(t) = −(πit)−1 for |t | ≥ δ.
Order the sequence {λn}Nn=1 so that δ1 ≥ δ2 ≥ . . . ≥ δN > 0. Then

|λm − λn| ≥ δmin(m,n).

0 ≤
N∑

j=1

∫ ∞
−∞

[
ψδj (x)− ψδj−1(x)

] ∣∣∣∣∣∣
N∑

m=j

ame−2πiλmx

∣∣∣∣∣∣
2

dx

=
N∑

j=1

N∑
m,n=j

aman
[
ψ̂δj (λm − λn)− ψ̂δj−1(λm − λn)

]
=

N∑
m,n=1

aman

min(m,n)∑
j=1

[
ψ̂δj (λm − λn)− ψ̂δj−1(λm − λn)

]
=

N∑
m,n=1

aman ψ̂δmin(m,n)(λm − λn)= −
N∑

m,n=1
m 6=n

aman

πi(λm − λn)
+ ψ̂(0)

N∑
n=1

|an|2

δn
.
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