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Elliptic equations

Background: Harmonic measure

Consider a bounded and simply connected domain 2 C C. By Perron’s

method, there exists for each f € C(9RQ) a function uf € C(Q2) such that

—Au(z)=0, ze€Q
=f(¢), (eoq.

lim u(z)
z—(¢
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Consider a bounded and simply connected domain 2 C C. By Perron’s

method, there exists for each f € C(9RQ) a function uf € C(Q2) such that

—Au(z)=0, ze€Q
=f(¢), (€.

lim u(z)
z—(

By maximum principle, for any z € Q, the mapping f — ur(z) is a positive
bounded linear functional. The Radon measure

wo(E) = u1,(2)

is called the harmonic measure with pole at z.
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Elliptic equations

Probabilistic interpretation: Let (X, ) be a probability space and
B : X x[0,00) — Q a Brownian motion starting at z € Q. Then

wq(E) = p({x € X : B(x,T) € E}),

where 7 = inf{t € [0,00) : B(x, t) ¢ Q}.
Probability of the first exit through E.
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Elliptic equations

Probabilistic interpretation: Let (X, ) be a probability space and
B : X x[0,00) — Q a Brownian motion starting at z € Q. Then

wq(E) = p({x € X : B(x,T) € E}),

where 7 = inf{t € [0,00) : B(x, t) ¢ Q}.
Probability of the first exit through E.

Change of pole: If z, w € Q, then there is a constant C(z, w) such that
for all Borel sets E C 00

C(z W)wé(E) <wq(E) < C(z, w)wg(E).

Measure theoretic properties do not depend (much) on z.
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Elliptic equations

Classical results on plane

» The harmonic measure wg, is a constant multiple of arc-length
measure if and only if Q = B(z, R) for some R > 0.
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» All the harmonic measures wg and wé\ﬂ are doubling if and only if
08 is a quasicircle (Jerison and Kenig 1982).

» Assume 0X is a quasicircle. The harmonic measures
{we(B(o,r)) 1 0 < r <1} are A w.r.t. arclength measure with uniform
constants if and only if Q is a chord-arc domain (corollary of work of
several authors, book of Garnett—Marshall).

Olli Saari, UPC Parabolic BVP Online, 16 October 5/22



Elliptic equations

Classical results on plane

» The harmonic measure wg, is a constant multiple of arc-length
measure if and only if Q = B(z, R) for some R > 0.

» All the harmonic measures wg and wé\ﬂ are doubling if and only if
08 is a quasicircle (Jerison and Kenig 1982).

» Assume 0X is a quasicircle. The harmonic measures
{we(B(o,r)) 1 0 < r <1} are A w.r.t. arclength measure with uniform
constants if and only if Q is a chord-arc domain (corollary of work of
several authors, book of Garnett—Marshall).

Further, Dirichlet problem (non-tangential a.e. limits)

is solvable in LP(0Q) iff every wg is in RHp(09).
In particular, it is solvable for some p € (1,00) if w§ € Ax.
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Elliptic equations
Elliptic equations
Divergence form elliptic equations

divAVu=0, inQQ
u=g, ondf

with A : Q — R™" satisfying
P condition on boundedness and measurability;
> ellipticity condition: there is My > 0 such that for all £ € R”

inf AR)E- € > Molel;

» something more.

A = I in rough domains ~ rough A in smooth domains
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Elliptic equations

Dahlberg—Kenig—Stein pullback

Consider an L-Lipschitz function F : R" — R and a domain
Q={xeR"™ :x,11 > F(x1,..., %)}
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Elliptic equations

Dahlberg—Kenig—Stein pullback

Consider an L-Lipschitz function F : R" — R and a domain
Q={xeR™ :x,11 > F(x1,...,x,)}. Let # € C(R") be even,
non-negative, ||0]|1 = 1; and set 6;(x) = t~"0(x/t). For ¢ > 0, set for
x € R"

p(x,t) = (x1,...,Xn, ct + 0 x F(x)).
Then for ¢ large enough
> pis an injection ]RIH — Q;
» the pull back of Laplacian under p is div AV (for some A);
» it holds |VA(x, t)| < C/t;
> t|VA(x, t)|? dxdt is Carleson measure.
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Elliptic equations

Definition (Carleson measure)

Denote R(x,r) = B(x,r) x (0, r). A measure on R" x (0, 00) is Carleson if

p(R(x,r))

Il = sup 2B o
X,r r
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Elliptic equations

Dahlberg's questions on A

» Perturbations: small deviation of A from a good coefficient matrix Ag
as

1
sup  |A(y) = Ao(y) e < oe.

/
(X' xnt1) =
Xn+1 yeB(x' xns1/2)

The elliptic measure being A, is stable under these perturbations
(Fefferman—Kenig—Pipher 1991).
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Elliptic equations

Dahlberg’'s questions on A,

» Perturbations: small deviation of A from a good coefficient matrix Ag
as

1
sup  |A(y) = Ao(y) e < oe.

/
(X' xnt1) =
Xn+1 yeB(x' xns1/2)

The elliptic measure being A, is stable under these perturbations
(Fefferman—Kenig—Pipher 1991).

» Smoothness:

1.
inf  sup  JA(Y) — Ao(V)’, e < <.

/
/‘L(X aXnJrl) =
Xnt+1 Ao yeB(x' xn11/2)

These have elliptic measure in Ay
(Kenig—Pipher 2001).
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Elliptic equations

Weak Dahlberg—Kenig—Pipher condition

Set

1/2
1
aps(x,t) =inf // A(x,s) — Aol? dxds .
A’z( ) Ao <t"+1 (t/2,t)><B(X,t)| (x:9) o )

o dtdx
t

is density of a Carleson measure, then A is a weak D-matrix (or DKP).

duan = apa(x,t)
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Elliptic equations

Small A, constants

» For every p > 1 there is 6 > 0, so that if ||a oollc < d, then the
Dirichlet problem is LP solvable (Dindos—Petermichl-Pipher 2007).
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Elliptic equations

Small A, constants

» For every p > 1 there is 6 > 0, so that if ||a oollc < d, then the
Dirichlet problem is LP solvable (Dindos—Petermichl-Pipher 2007).

> If
lim suplia 9«0 s 1azllc =0,

then the logarithm of the Poisson kernel is locally in VMO
(Bortz—Toro—Zhao 2021). This relies on Green function estimates
(David-Li-Mayboroda 2021) and results on asymptotically optimal
weights via Carleson measure conditions (Korey 1998).

» If ||paz2llc < 6 for § > 0 small, then the elliptic measure with pole at

infinity w has log[w]a_ < H/LA’z”é/z (Bortz-Egert-S 2021/2022).
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Elliptic equations

Small A, constants

>

>

For every p > 1 there is § > 0, so that if ||1a s |lc < 0, then the
Dirichlet problem is LP solvable (Dindos—Petermichl-Pipher 2007).

If
lim suplia 9«0 s 1azllc =0,

then the logarithm of the Poisson kernel is locally in VMO
(Bortz—Toro—Zhao 2021). This relies on Green function estimates
(David-Li-Mayboroda 2021) and results on asymptotically optimal
weights via Carleson measure conditions (Korey 1998).

If |ieaz2llc < 0 for 6 > 0 small, then the elliptic measure with pole at
infinity w has log[w]a_ < H/LA’z”é/z (Bortz-Egert-S 2021/2022).
Chord-arc domains with small constants have harmonic measures with
small Ay constants (David-Li—-Mayboroda 2022).
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Elliptic equations

Proof scheme I: Green's function (D-L-M)

> If Ais weak DKP, then A-Green's function (with pole at infinity) is
approximable by affine functions (DLM).
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Elliptic equations

Proof scheme I: Green's function (D-L-M)

> If Ais weak DKP, then A-Green's function (with pole at infinity) is
approximable by affine functions (DLM).

For (xo, Ao) € R

1 // 5 dxd\
T B(x, A <C c
T M von 06, A=, [[all

R(x,A) = Q(x,A) x (0, )

where

and
HR(X,)\) [Vuly, t) = (Onp10) rix,n)ent1]? dydt

Bx, \)? =
HR(X,)\) Vu(y, t)|? dydt
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Elliptic equations

Proof scheme Il: Testing (B-T-Z)

» The energy 8 controls FKP-A,, constant.
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Elliptic equations

Proof scheme Il: Testing (B-T-Z)

» The energy 8 controls FKP-A,, constant.

Fix functions ¢ and ¢ where ¢ > 19 ,1/2) and ¢, € C2°(Q(0,1)). Then
there exists C > 1 such that for all (x,\) € R}

AV (¥hx * w)(x)|
(& * w)(x) = C(,B(x, A) + aa(x, A))

where w is the A-elliptic measure with pole at infinity.
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Elliptic equations

Proof scheme Il: Testing (B-T-Z)

» The energy 8 controls FKP-A,, constant.

Fix functions ¢ and ¢ where ¢ > 19 ,1/2) and ¢, € C2°(Q(0,1)). Then
there exists C > 1 such that for all (x,\) € R}

AV (¥hx * w)(x))
(& * w)(x) = C(,B(x, A) + aa(x, A))

where w is the A-elliptic measure with pole at infinity.

Remark:

> By a result of Fefferman—Kenig—Pipher, the Carleson norm of the left
hand side being finite implies A.

» By a result of Korey, the vanishing Carleson implies asymptotically
flat Aso.
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Elliptic equations

Proof scheme Ill: Weights (B-E-S)

Theorem (Bortz—Egert-S 2022)

Let n > 1 and let D > 1. Then there exist constants C,e > 0 such that
the following holds. Let w be a weight with doubling constant D and let
u, be its heat extension. Let

du(x, t) = |V log uy(x, t2)[t dxdt.

> If llullc < &, then loglwla., < C+/ITilc.
> Iflog[w]a,, < e, then ||ullc < Cy/log[w]a., .

Remark: A Littlewood—Paley decomposition argument allows to control
the generic kernel by heat kernel.
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Elliptic equations

Proof of the easy direction: log[w]a_ < C+/||plc

Key estimate: (write W(x,r) = B(x,r) x (r/2,r))

Lemma

Let w be a doubling weight. There exists a constant C depending only on
dimension and the doubling constant such that for all (x,r) € ]Rﬂ:rl,

r’|Au(x, r?)|  r|Vu(x, r? [Vu(y, t?)?
u(x, r?) * xr2 |Axr]// o Cu(y, 22 t dydt.
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Elliptic equations

Proof of the easy direction: log[w]a_ < C+/||plc

Key estimate: (write W(x,r) = B(x,r) x (r/2,r))

Let w be a doubling weight. There exists a constant C depending only on
dimension and the doubling constant such that for all (x,r) € Rfl,

r’|Au(x, r?)|  r|Vu(x, r? [Vu(y, t2)]?
u(x, r?) N uxr2 |AXI”// (x,r) Y7t2) Eayar,

This is standard interior estimate for heat equation plus

» parabolic forward Harnack due to positivity;

» parabolic backward Harnack due to doubling of initial data.
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Elliptic equations

Computation

By scaling and translation, it suffices to prove the estimate for the unit
ball B = B(0,1).
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Computation

By scaling and translation, it suffices to prove the estimate for the unit
ball B = B(0,1).

0 < logwg — (log w)g
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Elliptic equations

Computation

By scaling and translation, it suffices to prove the estimate for the unit
ball B = B(0,1).

0 <logwg — (logw)g
= (Iog wg — )s(gg log u(x, 1)) + (igg log u(x,1) — (log u(:, 1))3)
+ ((log u(-, 1)) — (log w)g) =T+ 11+ 111
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Elliptic equations

Computation

By scaling and translation, it suffices to prove the estimate for the unit
ball B = B(0,1).

0 <logwg — (logw)g
= (Iog wg — )s(gg log u(x, 1)) + (igg log u(x,1) — (log u(:, 1))3)
+ ((log u(-, 1)) — (log w)g) =T+ 11+ 111

» III: FTC in t, heat equation, divergence theorem, key lemma.
> II: FTC in x, key lemma.
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Elliptic equations

Bounding log wg — sup, g log u(x, 1)

ws — (u(, 1)
o (Gt )

It holds
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Elliptic equations

Bounding log wg — sup, g log u(x, 1)

I<log, <WB miCe 1));3 + 1>

sup,ep u(x, 1

It holds

and

wg — (u(1,-) |B\ / / tAu(x, t?) dxdt

< tVuxt dxdt.
= 18] /33/ | )
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Elliptic equations

Bounding log wg — sup, g log u(x, 1)

I<log, <WB miCe 1));3 + 1>

sup,ep u(x, 1

It holds

and

wg — (u(1,-) |B\ / / tAu(x, t?) dxdt

< t|Vu(x, t dxdt.
= 18] /33/ | )
The claim then follows from

1
t /
M < Sup exp (_/ aS |og U(X, 5) ds) S tiC ”:u‘”C
t

supyeg U(y;1) = xeB
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Parabolic equations
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Parabolic equations

Parabolic equations

Divergence form parabolic equations

up —divAVu+B-Vu=0, inR xR}
u=g, ond(R xR

with A: R x Rfl — R™" satisfying the conditions similar to as in the
elliptic case and B : R x R — R” satisfying

Zn+1|B(t,Z)’ <e

for a structural parameter € > 0.
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Parabolic equations

Let W(z) be the Whitney type parabolic cylinder around z: for
z=(t,x,\)

W(z) = (t — A2, t+ 2%) x Q(x,A/2) x (A/2,\).

Definition (Weak-DKP condition, parabolic)

Let A: R x ]Rf” — R™"and B: R x Rif” — R" be locally integrable
functions. Define for z € R x R}QL"

1/2
aa(z) = ( F 1) - AP dy) - Aale)= [ A dy
w(z) w(z)
1/2
ag(z) = (][W( ) 1Byt d}’> , aap(z) = aa(z) + az(2).
Define pa g(z) = aA7B(z)2zn_ﬁ2. We say that (A, B) satisfies a weak

DKP-condition if ||MA,B||C(E) < 0Q.
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Parabolic equations

Theorem (Work in progress, Bortz—Egert-S)

Let My be given. There existseg >0, kg > 1,00 >0,a>1and C>1
such that the following holds. Let ¢ € (0,0p), € € (0,e0) and consider
Mo-elliptic matrix and e-small drift (previous slide).

Fix (to, x0, Ao) € R X le" and set pg = a* (to, X0, koAo). Let w be the
parabolic measure with pole at py. Denote

, dtdxd)\
)\ )

dv(t,x,\) = aap(t,x, \)

where ap g is the DKP-quantity.
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Parabolic equations

Theorem (Work in progress, Bortz—Egert-S)

Let My be given. There existseg >0, kg > 1,00 >0,a>1and C>1
such that the following holds. Let ¢ € (0,0p), € € (0,e0) and consider
Mo-elliptic matrix and e-small drift (previous slide).

Fix (to, x0, Ao) € R X R}j" and set pg = a* (to, X0, koAo). Let w be the
parabolic measure with pole at py. Denote

, dtdxd)\

dv(t,x,\) = aap(t,x, \) R

where ap g is the DKP-quantity.
If |lv]lc <8, then w < dtdx and denoting k = 3%, we have for all
(£, x, A) with R(t, x,2)\) C R(to, x0, Ao)

log ]§[ k(r,y)dtdy —]§[ log k(7,y) drdy < CV/6.
QP (t,x;62X) Qb (t,x;52\)
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Parabolic equations

Thank you for your attention!
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