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Gauf’ Reciprocity Law and the quadratic Hilbert symbol el sy

GauB3’ reciprocity law
Hilbert symbol

The Quadratic Reciprocity Law

ERICH HECKE (1923):

Modern number theory dates from the discovery of the
reciprocity law. By its form it still belongs to the theory
of rational numbers, as it can be formulated entirely as
a simple relation between rational numbers; however
its content points beyond the domain of rational num-
bers.

EMMA LEHMER (1978):

... has been generalized over the years ... to the extent
that it has become virtually unrecognizable.
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol LemEre sy

GauB3’ reciprocity law
Hilbert symbol

Gauf3’ Reciprocity Law

The diophantine equation
X2+ pY=a

for a e Z and an odd prime p with (p, a) = 1 has a solution in Z?
if and only if
X?=acF}

has a solution in IFp, i.e., if ais a square there.
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB3’ reciprocity law

Hilbert symbol

¥

4y
{4

Adrien-Marie Legendre (1752-

1833) Carl Gustav Jacob Jacobi (1804-1851)
3 x\2.
LEGENDRE/JACOBI-Symbol a)._ 1, ac (FP.) ’
p —1, otherwise.

EULER’s-criterion =az modp
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Legendre symbol
GauB3’ reciprocity law
Hilbert symbol

because I is cyclic of order p — 1 and hence the following
sequence is exact:

p—1

0— (Fp)? Fy 2>{1,-1}—0

where

#2:{_171}QFS
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB’ reciprocity law
Hilbert symbol

Reciprocity Law | (GAuss 1801) :

Johann Cérl Friedrich GauB
_ (1777-1855)
I # p odd prime. Then:

(5~ 0

(discovered by EULER in 1744, formulated by LEGENDRE in
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB’ reciprocity law
Hilbert symbol

Reciprocity Law | (GAuss 1801) :

Johann Cérl Friedrich GauB
_ (1777-1855)
I # p odd prime. Then:

(5~ 0

Slogan:
| is a square modulo p if and only if p is a square modulo | -
unless | = p=3 mod 4.

(discovered by EULER in 1744, formulated by LEGENDRE in
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB’ reciprocity law
Hilbert symbol

Supplement:(%) = (1), (%) = (—1)"2%1
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB’ reciprocity law
Hilbert symbol
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Supplement: (%) =

Even more general the Reciprocity Law holds for odd, pairwise
coprime natural numbers m, ninstead of /, p.

An equivalent formulation: /* := (—1 )%/ ;

(5)=()
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol el sy

GauB’ reciprocity law
Hilbert symbol

One of more than 150 proofs

Easy calculation: Fry(y/p¥) = (%) N
Frq

0 — G(Q(¢p)/Q(VP¥)) — G(Q(¢p)/Q) — G(Q(vP*)/Q) —0

Oy k

0 (F)? F o {1,-1}——=0

(%) =15 (Fig)gp) =id < G e (Fp)? & (%) — 1
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol \esreleas

GauB3’ reciprocity law

Hilbert symbol

A central principle in number theory is the
Local-Global-Principle. Consider absolute values on Q :

| = loo (real) absolute value
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol el sy

GauB3’ reciprocity law

Hilbert symbol

A central principle in number theory is the
Local-Global-Principle. Consider absolute values on Q :

| = loo (real) absolute value

| —|p p-adic norm: p™8lp = p~ 7, if (p,ab) = 1.
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol el sy

GauB3’ reciprocity law

Hilbert symbol

A central principle in number theory is the
Local-Global-Principle. Consider absolute values on Q :

| = loo (real) absolute value
| —|p p-adic norm: p™8lp = p~ 7, if (p,ab) = 1.

Qoo = (@] =) =R Qp:=(Q]=1p)"
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB3’ reciprocity law
Hilbert symbol

A central principle in number theory is the
Local-Global-Principle. Consider absolute values on Q :

| — |oo (real) absolute value
| —|p p-adic norm: p™8lp = p~ 7, if (p,ab) = 1.
Qoo = (Q =) =R Qp:=(Q[—1p)"

o log log
R = (R, +) Qp — Qp
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB3’ reciprocity law
Hilbert symbol

A central principle in number theory is the
Local-Global-Principle. Consider absolute values on Q :

| — |oo (real) absolute value

|—|p p-adicnorm:  [p"2|,:=p~", if (p,ab) = 1.
Qo =(Q |- ]c)" =R Qp:=(Q,[—[p)"

R>0 % (R, +) Q5 Qp

Zp:={zeQpl|z]p <1}
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol

Legendre symbol
GauB3’ reciprocity law
Hilbert symbol

A central principle in number theory is the
Local-Global-Principle. Consider absolute values on Q :

| — |oo (real) absolute value
| —|p p-adic norm: p™8lp = p~ 7, if (p,ab) = 1.
Qoo = (Q = lo)* =R Qp:=(Q,] - [p)"
RO 5 (R, +) Q5 Qp
Zp ={z € Qpl|z|p <1}
v e {p|prime} U {oco} places of Q.
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GauB3’ reciprocity law
Hilbert symbol

Quadratic Hilbert symbol

David Hilbert (1862-1943)

<m, n) [ 1, if mX®+ nY? = Z2 has non-trivial solution in Qy;
v / | —1, otherwise.

defines symmetric, non-degenerate pairing

<_’v_> LQu/(Q))? X QF/(Q)) = pe.
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GauB3’ reciprocity law
Hilbert symbol

Quadratic Hilbert symbol

HENSEL'S Lemma: Solvability of X2 =@ e Fy <=
Solvability of X? = a mod p", n> 1 <
Solvability of X2 = a € Z,

-3

implies
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol el sy

GauB3’ reciprocity law
Hilbert symbol

Hilbert’'s Reciprocity Law

Product formula: [], |al, =1 forallae Q
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol el sy

GauB3’ reciprocity law
Hilbert symbol

Hilbert’'s Reciprocity Law

Product formula: [], |al, =1 forallae Q

Hilbert’s Reciprocity Law II: For m,n e Q* it holds:

II(57) =
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Gauf’ Reciprocity Law and the quadratic Hilbert symbol el sy

GauB3’ reciprocity law
Hilbert symbol

Hilbert’'s Reciprocity Law

Product formula: [], |al, =1 forallae Q

Hilbert’s Reciprocity Law II: For m,n e Q* it holds:

II(57) =

The laws | and |l are equivalent, for example Il = I:

T -G () () - () )
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Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

Different concepts "Reciprocity Laws"

Gauf’ Reciprocity Law is the beginning of class field theory,
which classifies and describes all abelian extensions of global
or local fields. The Artinian Reciprocity map can be considered
as generalisation of it, for example in the case of local field
extensions K/F we have

(_>K/F) : GL1(F) =F* > G(K/F)ab
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Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

Different concepts "Reciprocity Laws"

Gauf’ Reciprocity Law is the beginning of class field theory,
which classifies and describes all abelian extensions of global
or local fields. The Artinian Reciprocity map can be considered
as generalisation of it, for example in the case of local field
extensions K/F we have

(_>K/F) : GL1(F) =F* > G(K/F)ab

A non-abelian generalisation of this is the local (classical or
p-adic) Langlands program relating roughly speaking certain
n-dimensional reps of Gr to certain reps of GLj,.
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Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

Different concepts "Reciprocity Laws"

Gauf’ Reciprocity Law is the beginning of class field theory,
which classifies and describes all abelian extensions of global
or local fields. The Artinian Reciprocity map can be considered
as generalisation of it, for example in the case of local field
extensions K/F we have

(_>K/F) : GL1(F) =F* > G(K/F)ab

A non-abelian generalisation of this is the local (classical or
p-adic) Langlands program relating roughly speaking certain
n-dimensional reps of Gr to certain reps of GLj,.

In this talk we focus rather on generalisations of the quadratic
Hilbert symbol:
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Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

un € F/Qp finite, L/F maximal abelian extension of exponent
n. The Kummer sequence

19,[1/” F>< FX%‘I

induces
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Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

un € F/Qp finite, L/F maximal abelian extension of exponent
n. The Kummer sequence

11— up F* F*—1
induces
G(L/F)  xHom(G(L/F), ) —" jin
T(—,L/F) Ta
FFAY o« FXJ(F7Y (+), s (a;:b)n = (2Ll

|

HY (F, ) x  H'(F,pun) —— H3(F, u2?) = H3(F, j1n) ® jin = pin

For F = Qp, n =2 we have: (@)2 = <5> .



Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

Variants: Schmidt-Witt-Residue-Formula

char(F) = p, e.g. F = Fp((Z)). The Artin-Schreier sequence

0 %'Fp [Fsep ® Fser 5

with p(x) := (Fr —id)(x) = xP — x induces
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Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

Variants: Schmidt-Witt-Residue-Formula

char(F) = p, e.g. F = Fp((Z)). The Artin-Schreier sequence

0—TFp Fsep ¥ 5 Fsep 5
with p(x) := (Fr —id)(x) = xP — x induces

(,]: F*/(F*)Px F/p(F) — Fp.

(a, b] = Res (b‘f)

with Res((3>>; a,.Z2")dZ) = a_1.
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Artinian Reciprocity
Schmidt-Witt-Residue-Formula
Lubin-Tate formal groups

Higher Hilbert symbols and variants

Variants: (Lubin-Tate) formal groups

F (Lubin-Tate) formal groups over F/Q, attached to prime 7.
The sequence

("]

0 — F[r"] —— F(mg) ——— F(mg) —0

induces
(, )rn: F* x F(mg) — F[x".
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

How can one compute the Hilbert symbol ()
explicitly?

The tame case, i.e., p 1 n, has a simple description:
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

How can one compute the Hilbert symbol ()
explicitly?

The tame case, i.e., p 1 n, has a simple description:

Let g be the cardinality of O /7 OF and consider the unique
decomposition

OfF = pg—1 x (1 +7OF), U~ w(u)(u);

let ve be the normalized valuation, i.e., ve(rg) = 1.
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

How can one compute the Hilbert symbol ()
explicitly?

The tame case, i.e., p 1 n, has a simple description:

Let g be the cardinality of O /7 OF and consider the unique
decomposition

OfF = pg—1 x (1 +7OF), U~ w(u)(u);

let ve be the normalized valuation, i.e., ve(rg) = 1.

For a,b e F* such that o = vg(a), 5 = ve(b) it holds:

(%), (%)
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law
Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Higher power residue symbol

In particular, fora=m; and u e Of :

(T) = w(u)% is the root of unity « € 1, determined by
)

a=un mod wrOF, i.e., we have:
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Kato’s Explicit Reciprocity Law
Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Higher power residue symbol

Explicit Formulas

In particular, fora=m; and u e Of :

w(u)% is the root of unity « € 1, determined by

q— .
a=un mod wrOF, i.e., we have:

(WF—I;U> =1<= vuisanthpower mod nmrOF.
n

(Generalisation of Legendre symbols <g) N
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Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Therefore henceforth:

n=pX, ie., replace nby p"!




Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Therefore henceforth:

n=pX, ie., replace nby p"!

F = Kp = Qp(pn) Cpr primitive p"th root of unity
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Therefore henceforth:

n=pX, ie., replace nby p"!

F = Kp = Qp(pn) Cpr primitive p"th root of unity

Tn = Cpn — 1 prime element
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Therefore henceforth:

n=pX, ie., replace nby p"!

F = Kp = Qp(pn) Cpr primitive p"th root of unity
7 1= Cpn — 1 prime element
ok, = {|z|p £ 1} valuation ring of integers
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Therefore henceforth:

n=pX, ie., replace nby p"!

F = Kp = Qp(pn) Cpr primitive p"th root of unity
7 1= Cpn — 1 prime element
ok, = {|z|p £ 1} valuation ring of integers

Tr = Trk, ), = Yoo G(Kn/Qp) O trace
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Explicit Formulas

Artin-Hasse 1928

For 8 € 1 + mpok, it holds:

on Tr(log )

(Cp”a 5)[?” = Cp"

¢pn
3 (-2~ log B)
(577Tn)p" = C,fn n

Otmar Venjakob

Artin-Hasse, Iwasawa, Wiles, ...

Kato’s Explicit Reciprocity Law
Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

el
Emil Artin (1898-1962),
Helmut Hasse (1898-1979)

Reciprocit



Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law
Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Iwasawa 1968

For 8 = (8) e lim Ky,
k,Norm

95 € Zp[[ T]] with gs(mn) = Bn and

a e 1+ mh0k, We have: Kenkichi lwasawa (1917-1998)
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Iwasawa 1968

For 8 = (8) e lim Ky,
k,Norm

95 € Zp[[ T]] with gs(mn) = Bn and

a e 1+ mh0k, We have: Kenkichi lwasawa (1917-1998)

s Tr(log(c)-Dlog )

(Bm a)p” = Cpn
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Iwasawa 1968

For 8 = (8) e lim Ky,
k,Norm

95 € Zpl[[T]] with gg(mn) = B and

a e 1+ mh0k, We have: Kenkichi lwasawa (1917-1998)

s Tr(log(c)-Dlog )

(ﬁm a)p” = Cpn

with invariant logarithmic derivation

(T
Dlog=|(1+ T)%

| T:ﬂ'n
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Artin-Hasse, Iwasawa, Wiles, ...
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Lubin-Tate setting

L/Qp finite extension 7 € o, prime element
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Lubin-Tate setting

L/Qp finite extension 7 € o, prime element
F =Fr Lubin-Tate formal group/L attached to 7

[al=(Z) € o.[[Z]] giving o, -action, a € oy,
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Lubin-Tate setting

L/Qp finite extension 7 € o, prime element
F =Fr Lubin-Tate formal group/L attached to 7
[al7(Z) € o.[[Z]] giving o -action, a e oy,

F:=Ly:=LF[r"]) T, F= <Ii_m]-"[7r”] = oy n Tate-module,

n

n= (77n) Tr = nLn/L trace,
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Lubin-Tate setting

L/Qp finite extension 7 € o, prime element
F =Fr Lubin-Tate formal group/L attached to 7
[al7(Z) € o.[[Z]] giving o -action, a e oy,

F:=Ly:=LF[r"]) T, F= <Ii_m]-"[7r”] = oy n Tate-module,

n
n= (77n) Tr = nLn/L trace,
xir 2 GL — of Lubin-Tate character
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Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Lubin-Tate setting

L/Qp finite extension 7 € o, prime element
F =Fr Lubin-Tate formal group/L attached to 7
[al7(Z) € o.[[Z]] giving o -action, a e oy,

F:=Ly:=LF[r"]) T, F= <Ii_m]-"[7r”] = oy n Tate-module,

n
n = (1n) Tr = Tr,,. trace,
xir 2 GL — of Lubin-Tate character
Cyclotomic setting: L=Qpn=p, F=GCn
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Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law
Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Wiles 1978

For 5 = (Bk) ¢ lim Lg,
k,Norm

95 € oL[[T]] with gs(nn) = B and

a € F(npoy,) it holds: Sir Andrew John Wiles (1953-)
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Wiles 1978

For 5 = (Bk) ¢ lim L,
k,Norm

95 € oL[[T]] with gs(nn) = B and

a € F(npoy,) it holds: Sir Andrew John Wiles (1953-)

(6. 0)5.n = [ 5 T (l0g2(0)D l0g G (10) ()

19
log’s 95"

with invariant logarithmic derivation Dlog gz =
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

lwasawa-cohomology

KCKiC---CKyC - - C Ky =K, Galois tower with

_|
I

G(K«/K) a p-adic Lie Group
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

lwasawa-cohomology

KCKiC---CKyC - - C Ky =K, Galois tower with
I := G(Kx/K) a p-adic Lie Group

N(I") = Zp|[[']] Iwasawa algebra (completed group algebra)
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

lwasawa-cohomology

KCKiC---CKyC - - C Ky =K, Galois tower with
I := G(Kx/K) a p-adic Lie Group
N(I") = Zp|[[']] Iwasawa algebra (completed group algebra)

T C V Galois stable lattice
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

lwasawa-cohomology

KCKiC---CKyC - - C Ky =K, Galois tower with
I := G(Kx/K) a p-adic Lie Group

N(I") = Zp|[[']] Iwasawa algebra (completed group algebra)
T C V Galois stable lattice

Hiy(T) = lim H'(Ky, T) = H(K,A(T) ®2, ) © A(T)

n
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

lwasawa-cohomology

KCKiC---CKyC - - C Ky =K, Galois tower with
I := G(Kx/K) a p-adic Lie Group

N(I") = Zp|[[']] Iwasawa algebra (completed group algebra)
T C V Galois stable lattice

Hiy(T) = lim H'(Ky, T) 2 H'(K, A(T) @z, T) © A(T)
n
H;, (V) := H},(T) ®z, Qp in lwasawa Main Conjecture
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Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Kato 1991

The equivariant Coates-Wiles homomorphisms for j, m > 1 are
defined by

gZ/CWm: mLy — Lm; u—

L (9 og(aun)

]|7T =Nm

with 8{nv Iog(gum) = 81/[;,1 (8inv(gU,77)/gu,77)'
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Kato's Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Consider the KUMMER map

lim Ly = H(Loo/L, Zp(1)),

n

the “twisting" map, for j > 1,
tw; : iy (Loo/ L, Zp(1)) = Hiy(Loo/ L, TECD(1)),

induced by the cup product with n®(=) ¢ T®(=)),
the projection=corestriction map, for m > 1,

Prm - HI1W(LOO/L7 _) - H1 (Lmv _)
and the BLOCH-KATO dual exponential map

expjf‘

expj = eszm,V®(*/)(1) CHY (L, TECD () —L5 Lo,
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We define the second map A : I'@n Ly — Lm, as the
composite

H X
l('—rﬂn Ly
K

Hiy(Loo/L, Zp(1))

tw i

Y (Loo/L, TET(1))

P

H' (L, TS (1)) —=2 D%, (VE7(1) 2 L,
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Interpolation properties

Kato 1991

Then Kato’s explicit reciprocity law for Lubin-Tate formal groups
is stated as follows.

Theorem (Kato’s explicit reciprocity law)

Foranyj,m>1andu = (up)n € lim Ly, we have

Amj(u) =] @bjcw il

Kato gave a proof using syntomic cohomology.

Is there also a proof via (¢, | )-modules?
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Further formulas by:

BRUCKNER, G. HENNIART, KOLYVAGIN, KUMMER, VOSTOKOV,
COLEMAN, SEN, DE SHALIT, FESENKO, BLOCH-KATO, BENOIS,
ABRASHKIN, ...
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Perrin-Riou’s Reciprocity Law

Explicit computation of

Tate’s local cup-product pairing
or
Iwasawa-cohomology pairing

by means of the Big Exponential map Qy- (1) (and the regulator
map Ly) for
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Perrin-Riou’s Reciprocity Law

Explicit computation of

Tate’s local cup-product pairing
or
Iwasawa-cohomology pairing

by means of the Big Exponential map Qy- (1) (and the regulator
map Ly) for

V crystalline representation of Gy,

Otmar Venjakob Reciprocity Laws



Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

Colmez 1998, Benois 1998, Kato-Kurihara-Tsuiji
(unpublished)

Cyclotomic setting: D(I', Qp) distribution algebra

H (Ko, V(1= ))) H' (Kn, V(j)) ——2% H2(Ky, Qp(1)) = Qp

Tpr” Tpr” T(1 )j eVXm'via/

D(F, Qo) @n Hi(V*(1)) % D(T,Qp) @1 Hiy (V) — %> D(T, Q)

bl cris
D(T, Qp) ®q, Deris(V*(1)) x  D(I', Qp) ®qp Deris(V) ———— D(I', Qp)

Qyx (1) Qy
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Interpolation properties

Adjunction of Big Exponential and regulator map

Cyclotomic setting: D(I', Qp) distribution algebra

" {}w
D(T,Qp) ®a HL(V*(1)) x  D(T,Qp) @a H), (V) =2~ D(T,Qp)
o g
[’]Dcris

D(T, Qp) ®q, Deris(V*(1)) x D(I', Qp) ®q, Deris(V) — D(T', Qp)
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(i, )-modules

A, := 0,[[Z]][%] p-adic completion with commuting actions by
¢ = [m]* and Iy via [xor(9)]"
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(i, )-modules

—

A = oL[[Z]][17] p-adic completion with commuting actions by
¢ = [r]* and [y via [x7(7)]*

®I(AL) category of (¢, ')-modules M consisting of finitely
generated A;-modules with commuting (semi-linear) actions by
some oy and by I;.

1 (almost) left inverse operator satisfying ¢ o p; = ﬂ%’ with
q:=#(oL/mL0L)
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SCHNEIDER-VENJAKOB: The above mentioned version of the
Schmid-Witt-Formula for ramified Witt-vectors (of finite length)
gives explicit determination of elements in
lwasawa-cohomology (in Lubin-Tate setting) as images under
the Kummer map

%
n7

K lim L;/L,X,pm = Hy(Loo /L, Zp(1))
m

by means of (¢, [ )-modules:
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Interpolation properties

Explizit Reciprocity Formula |

T =on* d1ual of Tate module T := Ii<_mn]-'[7rf] = oL,
T = XeyeX|T
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Interpolation properties

Explizit Reciprocity Formula |

T =on* d1ual of Tate module T := Ii<_mn]-'[7rf] = oL,
T = XeyeX|T

= ain
Vi(mL) s T — AP usay — a2 )y
n
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Interpolation properties
Explizit Reciprocity Formula |

T* = o n* dual of Tate module T := Ii<_mn]-'[7rf] = oL,

Vi(imLy) oz T — A uw ay” — g0m(Gua)

n umn

ur(n)) -

. KQT™
(im Ly)®z T* LA H;W(Loo/L7 oL(7))

=~ | Exp*
x l"

A= = Dyr(o)¥"

= = = =
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BREAK
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Interpolation properties

Colmez’ abstract reciprocity law

V & D= D(V) e oI (Ag,)
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Interpolation properties

Colmez’ abstract reciprocity law

V & D= D(V) e oI (Ag,)

H}, < DV=" 1% pv=0 — DR 7
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Interpolation properties

Colmez’ abstract reciprocity law

V ¢ D= D(V) e o7 (Ag,)
H}, < DV=" 1% pv=0 — DR 7

QV*(1)a£V 1 - o)
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Interpolation properties

Colmez’ abstract reciprocity law

V ¢ D= D(V) e o7 (Ag,)
H}, < DV=" 1% pv=0 — DR 7

QV*(1)a£V 1 - o)

o —

Ag, () = /\(r)[71_1] p-adic completion
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Interpolation properties

Colmez’ abstract reciprocity law

The canonical pairing

D := Homa,, (D,Q") x D — Q'
induces
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Interpolation properties

Colmez’ abstract reciprocity law

The canonical pairing

D := Homa,, (D,Q") x D — Q'

induces
D¥=0 % pyv=0 _bhw Ag, () _m Aép 0
O_{lx id
Dwzo % D¥=0 {s}convolution (91 )¢:O
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Interpolation properties

Colmez’ abstract reciprocity law

The canonical pairing

D := Homa,, (D,Q") x D — Q'

induces
br=o  x  preo b ) B pp-
O _qlx i d
Dwzo % Dwzo {’}convolution (Q1 )¢:O

and is used by Colmez to study locally algebraic vectors in
order to compare the p-adic with the classical local Langlands
correspondence (for GLz(Qp))!
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The usual Robba ring

L C K complete field, Q e K
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Interpolation properties

The usual Robba ring

L C K complete field, Q ¢ K

R C K[[Z,Z~"]] analytic functions, which converge on
r<|Z| <1forsome0<r<1.
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Interpolation properties

The usual Robba ring

L C K complete field, Q ¢ K

R C K[[Z,Z~"]] analytic functions, which converge on
r<|Z| <1forsome0<r<1.

RT:=RNK][[Z] analytic functions, which converge on

open unit disk B .= {|Z] < 1}@
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Interpolation properties

The usual Robba ring

L C K complete field, Q ¢ K

R C K[[Z,Z~"]] analytic functions, which converge on
r<|Z| <1forsome0<r<1.

Rt :=RNK][[Z] analytic functions, which converge on

open unit disk B := {|Z] < 1}@

vel, practon R, RT via Z — [x.7(7)](Z) and [r](Z
respectively.
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Interpolation properties

The usual Robba ring

L C K complete field, Q ¢ K

R C K[[Z,Z~"]] analytic functions, which converge on
r<|Z| <1forsome0<r<1.

Rt :=RNK][[Z] analytic functions, which converge on

open unit disk B := {|Z] < 1}@

vel, practon R, RT via Z — [x.7(7)](Z) and [r](Z
respectively.

1 (almost) left inverse operator satisfying ¢ o p; = 7%.
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Galois representations

Rep,, +(GL) finitely generated free o,-modules
with a continuous linear G, -action

RepgrLiff(GL) full subcategory consisting of those T such that
the representation V := L ®,, T is crystalline
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Interpolation properties

Galois representations

Rep,, +(GL) finitely generated free o,-modules
with a continuous linear G, -action
RepgrLiff(GL) full subcategory consisting of those T such that
the representation V := L ®,, T is crystalline
pers: ot (Gu) full subcategory of analytic representations
V,ie.,
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Galois representations

Rep,, +(GL) finitely generated free o,-modules
with a continuous linear G, -action
RepgrLiff(GL) full subcategory consisting of those T such that
the representation V := L ®,, T is crystalline
pers: ot (Gu) full subcategory of analytic representations
V,ie.,
(Cp QoL 74
is the trivial semilinear Cp-representation C,
forall. #o:L— Cp,

dim L v
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Galois representations

Rep,, +(GL) finitely generated free o,-modules
with a continuous linear G, -action
RepgrLiff(GL) full subcategory consisting of those T such that
the representation V := L ®,, T is crystalline
pers: ot (Gu) full subcategory of analytic representations
V,ie.,
(Cp QoL 74
is the trivial semilinear Cp-representation C,
forallc #o0: L — Cp,
ora) (¢, T'L)-modules with L-linear Lie(I";)-action

dim L v
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Equivalence of categories (KISIN-REN/FONTAINE,
BERGER)

Rep?"(GL) «— ¢r$3”ff

W Dl (W)
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Equivalence of categories (KISIN-REN/FONTAINE,
BERGER)

Rep?"(GL) «— ¢r$3”ff

W Dl (W)

Without @7 false for L # Qp!
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Interpolation properties

A Robba ring version in the Lubin-Tate setting

Let V be an L-linear continuous representation of G; such that
V*(1) is L-analytic and crystalline:
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Interpolation properties

A Robba ring version in the Lubin-Tate setting

Let V be an L-linear continuous representation of G; such that
V*(1) is L-analytic and crystalline:

M, M = Homg (M, Q}a) = Homg (M, R)(x11) = D;rig(V*(1)) in
®r4"(R) over the Robba ring R
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Interpolation properties

A Robba ring version in the Lubin-Tate setting

Let V be an L-linear continuous representation of G; such that
V*(1) is L-analytic and crystalline:

M, M = Homg (M, Q}a) = Homg (M, R)(x11) = D;rig(V*(1)) in
®r4"(R) over the Robba ring R

BERGER’s comparison isomorphism:

1 S .
tir oir
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Interpolation properties

Abstract Reciprocity formula in Lubin-Tate setting

SCHNEIDER-VENJAKOB: Then

i };W Iw m
n¥1=0 x MYL=0 R(TL) — R0
ld
=0 X MeL=0 (Qk)wzo
A A A
comp | comppy | compeyq |
\ Y [’]DC,,'SYL(V(T*U) A

RYL=0 @) Dgis, L(V* (1) X RYLTO @ Degis 1 (V(r ")) = R¥L=0 @ Degis 1 (L(x17))

commutes up to inverting f;1 := log, 7 as a consequence of ...
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Serre duality: Comparing additive and multiplicative
residuum maps

.. the commutativity of

-dl «
Ru(Tr) = Ru(¥*) —=2Ql,
lresxx
(—)(evidlogy) | = L
Tresx
(Ql)¥=0 Qk,

with SCHNEIDER-TEITELBAUM’s character varieties X, X* for

the groups o, o/ using their Fourier theory and Lubin-Tate
isomorphism X = BB over Cp.

Otmar Venjakob Reciprocity Laws



Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law
Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws

Interpolation properties

Reciprocity formula in the Lubin-Tate setting

M = G(L/L), D(I't,Cp) locally L-analytic distributions.

Dcris,L( V*(1 ))¢L:W[1 = Dcris,L( V*(1 ))W:1 = 0’ then the fOHOWing
diagram commutes:

q

(V=(1))" x D (V(r))eet D(T¢,Cp)

TQV*(UJ LV\L ‘

]
D(ru (Cp) QL Dcris,L(V*(‘I )) x D(rLa (Cp) QL Dcris,L( V(T_1 )i > D(rL> (Cp)~

DrTig {hw
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Consider the map
T/V,n K@ L& Dcris,L( W) — K[Gn] 2J] Dcris,L( W)
characterized by
) 0O n(X) =
(1= o) (1 = Teor)Trp, (%) if a(p)
(0) TGO Ty 6y, PG (Trryi,, (¥)) if alp) >

for a character p of G, :=T/T'hand x € Ly ® Dyis,. (W) and
with pr, : K[Gn] — K the ring homomorphism being induced by

p.

(pr,®id

0,
1
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Let Yiin denote the image of y e H (L./L, T) under

LT’
HL(T) =5 HL(TOaE) <25 HY (La, T(xi)) = H' (Lo, V().
The map
exan,V(xL’) o H (Ln, V(xid)) = Lo @1 Deris 1 (V(r~"x1)
®dy = exp*

satisfies exp, |, and the map

) (XITTJ) Ln,V( ]jTj)
108, yyiyia - HF (Lny VOaid)) = Lo ©1 Dot (V™" xih))

satisfies IOgL v J@di = logLn,V(xETj)' (Deris, . (V(7)) = Ld4.)

(XLT)

Otmar Venjakob Reciprocity Laws



Artin-Hasse, Iwasawa, Wiles, ...
Kato’s Explicit Reciprocity Law

Explicit Formulas Perrin-Riou’s and Abstract Reciprocity Laws
Interpolation properties

The following result generalizes results by LOEFFLER-ZERBES
from the cyclotomic case :

Theorem (SCHNEIDER-V., 2023,SANO-V.,2025)

Assume V*(1) e Rep™®™(Gy) with Fil ™" Dyis 1 (V*(1)) = Deris L(V*(1))
and Degs 1 (V*(1))?=™ ' = Deis 1 (V*(1))#=" = 0. Then it holds for
y e Hl (Loo/L, T) andj e Z that

YLy(y) (. n) =
/!@T/(T—W;Tf),n(%In,V(x;T’),id(yxa’,n)) e ifj=0,

(71)/+1 * o if |
(-1 —j)!evwxa’),n('°gLn,V(xa’%id(yxa’yn)) 28 ==

if1 =7 "o 1 = g are invertible on Deis ((V(r~"xid))-
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Corollary (SANO-V.,2025)

Letj e 7Z and let p be a finite order character of I' | of conductor
= a(p), i.e., p factorizes over G, but not over G,_1. Then for
anyy e Hl,(Lo/L, T) we have
o ifj>0, DLv(y)(pxix) =
4 it ,
Ji (1—m, 1—j 71) (1- TgpL)(expL Vi), Id(y /) ® e,) ifn=0,
7TZ(H/)T(p) @LeXpLyv(Xl}jp*)’id( slos ) ® €, ifn>0.
o ifj <1, ULy (y)(pxix) =
it —~ :
((—1)1+)1 (A —a orh'(1 - LT@L) (IogL Vo), Id(y ) ® e,) ifn=0,
—A))!
D (0) " o flogy ity ia @ Ve, n))®e,, ifn > 0.
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Colmez’ reciprocity law in the Lubin-Tate setting

Twisting functoriality
Kato’s explicit reciprocity law revisited Descent for Exp*

How can one prove Kato’s ERL via (y, | )-modules?




How to descent?
Colmez’ reciprocity law in the Lubin-Tate setting

Twisting functoriality
Kato’s explicit reciprocity law revisited Descent for Exp*

Define
tur == logr(Z) € L[[Z]]
and, form > 1,

M=o ™ AV s L[]

b
L

Then, for j, m > 1, we define an evaluation map
eV, : Af:1 — Lm
f — coefficient of #/1" in 7 ™p=™(f).
By explicit calculation:
1 i1 )
evnj(f) = ——— (' )| z20-
mJ( ) (_I— 1)!7_[_271]( inv | ul
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Twisting functoriality

Kato’s explicit reciprocity law revisited Descent for Exp*

Theorem (I SANO-V.,2025)

Foranym>1 andj > 1 such thatw{ # q, the following
diagram is commutative:

HY (Loo/L, TEED (1)) — 22 Ap=1

th1\L

HPW(LOO/Lv T®(_j)(1 )) eVm,j

Prm J{

H' (L, T®D()) ——— L.

ex p;‘
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How to descent?
Colmez’ reciprocity law in the Lubin-Tate setting

Twisting functoriality
Kato’s explicit reciprocity law revisited Descent for Exp*

In the cyclotomic case, i.e.,

L=Qp, 7 =p, F = @m, and T = Zp(1),
this Theorem is proved by CHERBONNIER-COLMEZ:

P~ M(Exp* (1) = D expl, g,(1-) /r Xeye(X)' 7 p(x)

jeZ Lm
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Twisting functoriality

Kato’s explicit reciprocity law revisited Descent for Exp*

Theorem (Colmez’ reciprocity law in the Lubin-Tate setting)

AsSUME Degis 1 (V(7~1))#t=" = Dy 1 (V(r—1))?t="" = 0. Then,
+1
for all j > 1 such that the operators 1 — 7r[1 - 0 11— —goL are

invertible on D;s 1 ( V(r—)), the following diagram commutes:

Exp* _
H, (Loo/L, T) 2 Dir(T(r1))ve=1
iﬂ Mo, "edy
Pr'm,—j Lm((tLT)) QL Dcris( V)
ic{, ®(id ®e_j)
H' (Lm, V() 5 Lm @1 Deais(V(xi)):
Lm, V(xid)

= = — = =
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In other words, in Ly((fr)) @1 Dar(V) € Bar @1 V we have
Wthpzm(EXp*) ®di = 2121 eXpim-,V(x{T") Opfm _j = Z/' 7 eszm,V(xL}j) OpIy,_js

if the above conditions hold for all j > 1, i.e., if ¢, acting on
Dcris,L(V(T*1 )) does not have any eigenvalue in 7TLN0 U anO; to

this.end we identify the target Ly, ®; Deis( V(XETJ)) with
Lt ®1 Desis 1 (V) € Lin((fir)) @1 Dar(V).

Note that ¢;i(7, "¢, ™(Exp*) ® d1) = 0 for / < 0, because
Fil°Dyr (V) = 0 as the Hodge-Tate weights of V are at least 1.

Otmar Venjakob Reciprocity Laws



How to descent?
Colmez’ reciprocity law in the Lubin-Tate setting

Twisting functoriality
Kato’s explicit reciprocity law revisited Descent for Exp*

Back to Kato’s ERL

Am,j

lj A
my, Ln
twq0oK

Exp*

Hiw(Loo/L, TEED(1))
twj_q
Hiw(Loo/L, T=CD(1)) eV,

Prm

explf‘

Otmar Venjakob Reciprocit,



How to descent?
Colmez’ reciprocity law in the Lubin-Tate setting

Twisting functoriality
Kato’s explicit reciprocity law revisited Descent for Exp*

Back to Kato’s ERL

Am,j

jm, L

twq ok V=0iny log(g—,n)
Hly(Loo/L, TECD (1)) — 22 A=
i1
Hi (Loo/ L, TZCD(1)) Vs
Plm

explf‘
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Proof of Kato’s ERL by above Theorem (Sano/V.).
Theorem 5 implies that A, ; coincides with the composition

Ay lim Ly 5 Hiy(Loo/ L, Zp(1)) =5 Hiy (Loo/L, TEED(1))

n

Exp* —1 &Vm,j

By Theorem 2 and the explicit description (50) of the map evp j,
we have for any u € lim Ly

1

)\m,j(u) = eVmJ(ainv |Og(gu,n)) = m

(% tog(gun)) |

—1m
otk %W,m(u)'

Ol
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How to proof Theorem I, 5?
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How to proof Theorem I, 5?

It is equivalent to the commutativity of the following two
diagrams for any j, m > 1:
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Easy to check:

Hiy(Loo /L TE1(1)) o Hl (Lo /L TET(1))
Exp* Exp*
p=1 @' =1, 1—j
A Al (ar)
m Mo Med m M "®dy
e i
Lm((tLT)) ® DcriS(L(T)) 1Lm((fLT)) Cm(L(XL"lj")(1 ))
Ct{;1 ®id CtET®id
id®ey_;j

Lm ® Deis(L(7)) Lm ® Deris(L(x12)(1)),

where ¢, = "coefficient of =" note that eVm,j = Gyt om Mo ™
LT
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The second diagram is the following:

i Exp*
Hiy(Loo/ L T2 (1) ——"— A} (xx)
iﬂLmime®d1
P Lm((tr)) @1 Dcris(L(XIj”lj“‘)(‘l )
icto ®id
iy
expf

H' (L, T?ij(”) Lm®yL DcriS(L(leTj)“))-
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Indeed:

H (Lo /L, TEN (1))~ (Lo /L, TEI(1)) o HY (L, TE(1))

T
Exp™* Exp*
P=1 1st diag =1, 1—j 2nd diag
AL Al ()
eV, j@dy (C[STO”L_m‘PL_m) ®d4
id®eq_

Ly ® Dcris(L(T)) 4>1Lm @ Dcris(L(X]jTj)(-l ))7
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Instead of proving the commutativity of the second diagram
directly we extend it to the following larger diagram, in which the
upper line is just the regulator map L, by SCHNEIDER-V.

(ad)(1)
. Exp* e i EL(XI‘;F/) i
Hiu(Loo/ L TET(1)) ———— A7 (ds") ——— ¢~ D(T1. K) &1 Dass(LOxiA)(1))
LdEh
lﬂ[m%’[m@dw
Ln((tix)) ® Deris(LOxi)(1)) oy, id

ic‘ro ®id
T

H' (L, T27I(1)) e Deris(L(x2)(1))

Ot hom

KITL/Tm] @1 Des(Lx) (1))

and where the right inner diagram commutes by construction
and @L(x‘*") p.m 1S @ bijection. This reduces the problem to
LT )=

proving the commutativity of the outer diagram, i.e., to the
equivariant interpolation formula 3.
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Many thanks

for your attention!
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