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Thanks

It is very nice to be able to give this online talk. | thank Professor
Naik for the invitation.
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This is partly a survey, and partly an account of work in progress,
joint with various people, especially Ji Li and Chong-Wei Liang.
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This talk?

First | discuss the Brascamp—-Lieb inequalities on locally compact
groups, and look at some examples.
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First | discuss the Brascamp—-Lieb inequalities on locally compact
groups, and look at some examples.

Then | consider reasons why some potential inequalities cannot

hold.
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The inequalities

Fix Haar measures on locally compact groups G and G;, and take
homomorphisms o; : G — Gj and p; € [1,+00]; here j=1,...,J.

Given functions f; on G;j, all f;oo; and Hj fj o o; are functions on G.

The Brascamp—-Lieb inequality is:
/ H fi o oj(x)dx
¢

We could suppose that the “input functions” f; are [0, 4+-o00]-valued.
The product function on the LHS must be integrable.

< CH il pi,y  VHi € LP(G)-
J

The smallest C is the Brascamp-Lieb constant BL(G, o, p), where
o and p denote (o1,...,0y) and (p1, ..., pJ).
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Holder's inequality

Suppose that G; = G and each o is the identity map. Then the
Brascamp—Lieb inequality becomes Hélder's inequality:

/G A0 H(x)dx| < i) [ lms(e) -
which holds when 1/p; +--- 4+ 1/p; = 1. We may take C = 1.

Together with its converse, Holder's inequality tells us that L9 is
the dual space of LP.
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Holder's inequality

Suppose that G; = G and each o is the identity map. Then the
Brascamp—Lieb inequality becomes Hélder's inequality:

|60 6 x| < Cllln - 1Bl

which holds when 1/p; +--- 4+ 1/p; = 1. We may take C = 1.

Together with its converse, Holder's inequality tells us that L9 is
the dual space of LP.

Interpolation between “easy” cases, where the indices are 1 or co,
proves Holder's inequality, and gives the best constant.

This is a trivial inequality, in the sense that the structure of o; is
irrelevant: all that matters is that o} preserves measures.
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Convolution

The convolution of functions f and g on a locally compact group G
is given by

Fre() = [ e 0dy Ve

Young showed that, when 1/r =1/p+1/q — 1,

1 % glliry < Clflloie) €l age) -

There are multilinear versions, for instance, we could estimate the
norm of f x g * h.
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Young's convolution inequality

Let H be a locally compact group, let G be H x H x H and G; be
H, and define 0; : G — G; by

o1(x1,x2,X3) = X1 oa(x1, %2, 33) = x; 1x0

o3(x1, X2, x3) = X2_1X3 oa(x1, X2, x3) = X3.
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Young's convolution inequality

Let H be a locally compact group, let G be H x H x H and G; be
H, and define 0; : G — G; by

o1(x1,x2,X3) = X1 oa(x1, %2, 33) = x; 1x0

o3(x1, X2, x3) = X2_1X3 oa(x1, X2, x3) = X3.

Then
S T stesmonrndr= [ et it an

By Hélder's inequality, BL(G, o, p) < oo if and only if
[y f2 '(3HLpg(,_,) <C HleLPI(H) Hf2HLpz(H) ”’%HLps(H) J

which is the trilinear form of Young's inequality for convolution.
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Young's convolution inequality

Interpolation between the cases where three of p1, p>, p3 and py
are 1 and the other is 0 proves the trilinear form of Young's
inequality, but does not always give the best constant.
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The Loomis—Whitney inequality

Let G be a locally compact group and J > 2. Take G = H? and
G = H’=1 for all j; let oj : G — Gj be the homomorphism that
“forgets” the jth coordinate. Loomis and Whitney proved that

/(;lj_.[GOJJ(X)dX

| [
J

There is only one possible choice of indices p; for which this
inequality holds. Interpolation is not possible.
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Some history

Bennett, Carbery, Christ and Tao (2007) considered the case where
G =R" and all G; = R". To avoid degenerate cases, they require
that (), ker o = {0} and that the o; are surjective.
They showed that BL(G, o, p) < oo if and only if

dim(G Zdlm ai(G))/p; (scaling)

and
dim(V) < Zdlm ai(V))/p (BCCT)

for all subspaces V C G. There are many subspaces to check!
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Lieb's theorem

Theorem (Lieb 1990)
On euclidean spaces, it suffices to consider centred gaussian inputs.
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A centred gaussian v on R" is of the form

y = exp(—=m (Ay,y)),

for some positive definite n x n matrix A.
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Lieb's theorem

Theorem (Lieb 1990)

On euclidean spaces, it suffices to consider centred gaussian inputs.

A centred gaussian v on R" is of the form

y = exp(—=m (Ay,y)),

for some positive definite n x n matrix A.

For a centred gaussian +,

/m v(x) dx = det(A)Y/2.
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Corollary to Lieb's theorem
It follows that

[T;(det Aj)*/2P)

BL(G, o, p) =sup 1
9y 9 /2 )
A det (Zj UJTAjGj/pj>

where the supremum is taken over all positive definite linear
transformations A; on Gj, where 1 < j < J.

One can work with this expression, as A is finite dimensional.
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Why generalise this?

These inequalities are applied in harmonic analysis and partial
differential equations. It is hoped that they may shed some light on
a circle of problems including restriction in harmonic analysis, the
Kakeya problem in geometry, and the Mizohata—Takeuchi
conjecture in PDE.

13/27



Why generalise this?

These inequalities are applied in harmonic analysis and partial
differential equations. It is hoped that they may shed some light on
a circle of problems including restriction in harmonic analysis, the
Kakeya problem in geometry, and the Mizohata—Takeuchi
conjecture in PDE.

Computer scientists are interested in versions of these inequalities
where the linear maps o : R” — R are replaced by homomor-
phisms of finitely generated discrete abelian groups o; : G — G;.
This discrete version is connected to one of Hilbert's problems.
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Why generalise this?

These inequalities are applied in harmonic analysis and partial
differential equations. It is hoped that they may shed some light on
a circle of problems including restriction in harmonic analysis, the
Kakeya problem in geometry, and the Mizohata—Takeuchi
conjecture in PDE.

Computer scientists are interested in versions of these inequalities
where the linear maps o : R” — R are replaced by homomor-
phisms of finitely generated discrete abelian groups o; : G — G;.

This discrete version is connected to one of Hilbert's problems.

Bennett and Jeong found the corresponding result when G and all
G; are products of tori and finite groups.

Finally, Bennett and | are finalising a study for general LCA groups.
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The nonabelian case

We have begun to think about the nonabelian case. We may and
shall suppose that the o; : G — G; are canonical projections of G
onto G/N;, where Nj = N; < G, and [ kero; = {e}.

We consider two examples, that suggest that this theory may be
less interesting.
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The nonabelian case

We have begun to think about the nonabelian case. We may and
shall suppose that the o; : G — G; are canonical projections of G
onto G/N;, where Nj = N; < G, and [ kero; = {e}.

We consider two examples, that suggest that this theory may be
less interesting.

The Heisenberg group H" and the ax + b group G, are the groups
of all real matrices of the form

z a b
y and g(a, b) = ( )
1 0 1/,

respectively. These are block matrices: x and b are row vectors
with n entries and y is a column vector with n entries, and /, is the
n x n identity matrix. We usually take a € RT.

1 x
g(Xa_yaZ): 0 In
0 0
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The case of the Heisenberg group

Theorem ([C-Li-Liang])

There are no nontrivial Brascamp—Lieb inequalities where G is the
Heisenberg group.

15/27



The case of the Heisenberg group

Theorem ([C-Li-Liang])

There are no nontrivial Brascamp—Lieb inequalities where G is the
Heisenberg group.

We need two preliminary results. First we recall a simple variant of
Kronecker's approximation theorem.

Theorem

Given finitely many real numbers a1, - - - , oy and arbitrarily small
€ > 0, there exists a sequence {tm}m such that t,, — oo when

m — oo and, for all m and j, there exists an integer kj m such that

\tm—ajkj,m\<e VjE{l,...,J} Vm € N.
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The case of the Heisenberg group.2
Next, the centre of H" is the subgroup Z = {g : x =0,y = 0}.

Lemma
Suppose that N is a normal subgroup of the Heisenberg group H".
Then NC ZorNDZ.
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The case of the Heisenberg group.2
Next, the centre of H" is the subgroup Z = {g : x =0,y = 0}.

Lemma
Suppose that N is a normal subgroup of the Heisenberg group H".
Then NC ZorNDZ.

Proof. If g = g(x,y,z) € N, then g~%(g')"*gg’ € N for all
g =g(x',y',z") € H". There is a bilinear map B such that

g (&) tgg’ = £(0,0,B(x,x,y,y").

If N Z (0,R), then there exists g € N such that x # 0 or y # 0; in
this case, the commutator g~1(g’)~1gg’ varies over Z as g’ varies
over H", and N D Z. Otherwise N C Z, as required. O

16 /27



The case of the Heisenberg group. 3

A homogeneous group G is Heisenberg-like if it has a central
subgroup Z, isomorphic to R, with the property that every normal
subgroup of G is either contained in Z or contains Z.

The groups of n x n upper triangular unipotent matrices are
Heisenberg-like when n > 3.

Proposition
The only Brascamp—Lieb inequalities in which G is a
Heisenberg-like group are multilinear Hélder inequalities.
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The case of the Heisenberg group. 3

A homogeneous group G is Heisenberg-like if it has a central
subgroup Z, isomorphic to R, with the property that every normal
subgroup of G is either contained in Z or contains Z.

The groups of n x n upper triangular unipotent matrices are
Heisenberg-like when n > 3.

Proposition

The only Brascamp—Lieb inequalities in which G is a
Heisenberg-like group are multilinear Hélder inequalities.

Proof. The subgroup Z is isomorphic to R. We write (0, t) for the
element of Z that corresponds to t € R. The closed subgroups of
Z are all of the form (0, Z«) for some (0, ) € Z.
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The case of the Heisenberg group. 4

Assume that BL(G, o, p) < cc.
Each o is the canonical projection of G onto a group G; = G/N;,
where N is either {e}, or of the form (0, o;Z), or contains (0,R).

By renumbering the o; if necessary, we may and shall suppose that
keroj = {e} when j =1,... /. If there are no such o}, then | = 0.
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The case of the Heisenberg group. 4
Assume that BL(G, o, p) < cc.
Each o is the canonical projection of G onto a group G; = G/N;,
where N is either {e}, or of the form (0, o;Z), or contains (0,R).

By renumbering the o; if necessary, we may and shall suppose that
keroj = {e} when j =1,... /. If there are no such o}, then | = 0.

For j < I, the group G; is isomorphic to G. Now f; € LPi(G;) if and
only if fjoo; € LPi(G) and

1 © ajll 1pi6y = CJHG”LPJ(GJ)-
By Hélder's inequality, if 1/p=1/p1 4+ --- 4+ 1/py, then

[1j</ fiooj € LP(G), and every function in LP(G) arises in this
way. Since HJ. fi o o} is integrable, p > 1.
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The case of the Heisenberg group. 5

By the converse of Hdlder's inequality and taking powers,

thpqvwx£CHWWW@>
; J

P’ l/p/ .
w) < T Il o).

izl

(Lo

J>1

[[fcoix)

J>1

, P'/pj
dx < C’ f.(x)|P/P" dx
oY

j>1

J.

for all f; € LPi/P(G;); that is, BL(G, p, q) < C’, where
p=(0141,...,05) and q = (pj1/pP's ..., ps/P').
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The case of the Heisenberg group. 6

If J =1, then we have a multilinear Holder inequality.

Otherwise J > | and we derive a contradiction.
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The case of the Heisenberg group. 6

If J =1, then we have a multilinear Holder inequality.
Otherwise J > | and we derive a contradiction.

There are homomorphisms 041, ..., oy, all of whose kernels are
nontrivial, and for each j > /, there exists «; € R* such that
(0,4jZ) C kergj. We take a nonempty relatively compact open set
U in G, and nonnegative functions f; € Cc(G;) such that fi(y) =1
for all y € (0,[—¢,¢e])U.

By Kronecker's Theorem, there is an infinite sequence of elements
(0, tm) of Z such that t, — oo as m — oo and, for all m and J,
there exist kj m € Z such that [t} | < e, where t], =ty — ajkj m.
By passing to a subsequence if necessary, we may suppose that the
sets (0, t,) LU are disjoint.
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The case of the Heisenberg group. 7

Since (0, jm) € ker(o;) for all m € Z,

/(;Hﬁoaj(x)dxzzmj/( [T 7 0 oi(x)dx

0,tm)~1U j

—zm:/ungoaj((o, tm)x) dx
:;/UH,;OUJ((O, £ )x) dx
:Zm:/uldx

= 00,

and BL(G, p, q) = co. Hence | = J and the only Brascamp—-Lieb
inequality is a multilinear Hélder inequality. O
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The ax + b group

Theorem ([C-Li-Liang-Shen])

There are no nontrivial Brascamp—Lieb inequalities where G is the
ax + b group.

Proof. We outline the proof.
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The ax + b group

Theorem ([C-Li-Liang-Shen])

There are no nontrivial Brascamp—Lieb inequalities where G is the
ax + b group.

Proof. We outline the proof.

First, the closed normal subgroups of G, are of two forms: either
{(1,b) : b € V}, where V is a vector subspace of R”, possibly {0}
or R", or {(a”,b) : me€ Z,b € R"}, where a # 1.

Without loss of generality, the homomorphisms ¢ are all canonical
projections of G, onto G,/N;, where N; is a closed normal
subgroup. We renumber the subgroups such that N; < (1,R")
when j </ and N; > (1,R") when j > /.

When j < I, G/N; is a group Gy, where 0 < n; < n. When j >/,
G/N; is compact and we may take f; to be 1.
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The ax + b group. 2

Assume that BL(G, o, p) < oco. The modular function of G, is
(a,b) — a".
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The ax + b group. 2
Assume that BL(G, o, p) < oco. The modular function of G, is
(a,b) — a".

By choosing functions f; when j < | and considering their right
translates by (a,0), we obtain a homogeneity condition:

n:
E L =np,

j<i P
By choosing functions f; that are products of functions on (R, 0)

and functions on (1,R"), and translating the first factor only, we
can also show that
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The ax + b group. 2

Assume that BL(G, o, p) < oco. The modular function of G, is
(a,b) — a".

By choosing functions f; when j < | and considering their right
translates by (a,0), we obtain a homogeneity condition:

n:
E —J:n.

j<i P
By choosing functions f; that are products of functions on (R, 0)

and functions on (1,R"), and translating the first factor only, we
can also show that

Hence n; = nfor all j </, that is, N; = {e}.
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The ax + b group. 3

The mappings o; are isomorphisms when j </, and as in the case
of Heisenberg-like groups, we can show that BL(G,, p, q) < oo,

where p = (0/41.,...,0y) and g = (pr+1/pP's .. ps/P')-
But this is impossible, because for this range of j all fj o o} are

constant on cosets of (1,IR") so their product is also constant on
these cosets, and then the product cannot be integrable. O
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Summary

We know quite a lot about Brascamp—Lieb constants on general
locally compact abelian groups. The next stage is to consider
nonabelian groups systematically.

Some examples have already been considered. On the one hand, it
might seem that noncommutativity would make proofs more
difficult; on the other hand, it also means that there are fewer
possible homomorphisms and fewer possible inequalities to consider.
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