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Classical Heisenberg–Pauli–Weyl uncertainty inequality

1 The Heisenberg uncertainty principle in quantum mechanics states
that the position and momentum of a given particle cannot be
accurately determined simultaneously.

2 Pauli and Weyl provided a more rigorous mathematical foundation.

3 This result is later known as the Heisenberg–Pauli–Weyl ( HPW)
uncertainty inequality, which, in its most general form, states that for
every α, β > 0 and f ∈ L2(Rn),

∥f ∥α+β
L2(Rn)

≲α,β,n

(∫
Rn

∥x∥2α|f (x)|2 dx

)β
2
(∫

Rn

∥ξ∥2β|f̂ (ξ)|2 dξ

)α
2

.

4 The function and its Fourier transform cannot be sharply localised
simultaneously.
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More general formulation

1 Let ∆ be the Laplacian on Rn. One can define the operator
(−∆)s , s > 0 as follows:

̂(−∆)sg(ξ) = ∥ξ∥2s ĝ(ξ), ξ ∈ Rn, g ∈ C∞
0 (Rn).

2 Using Plancherel formula, the HPW inequality can be reformulated as

∥f ∥α+β
L2(Rn)

≲α,β,n

∥∥∥ · ∥αf ∥∥β
L2(Rn)

∥(−∆)
β
2 f ∥αL2(Rn).

3 This has been generalised, with the Laplacian replaced by a positive,
self-adjoint operator and ∥ · ∥ substituted by a suitable distance.
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Some L2 analogues

1 Thangavelu was the first to establish an analogue of the HPW
inequality for α = β = 1, replacing the Laplacian with Hermite and
special Hermite operators, as well as the sub-Laplacian on Heisenberg
groups ( Proc. Indian Acad. Sci. Math. Sci., 1990).

2 Xiao–He proved the inequality for all α, β > 0 on Heisenberg groups
(Proc. Indian Acad. Sci. Math. Sci., 2012).

3 Ray established the inequality on two-step nilpotent Lie groups for
α = β = 1, where the Laplacian is replaced by the sub-Laplacian of
the group ( Proc. Indian Acad. Sci. Math. Sci., 2001).

4 Ciatti–Ricci–Sundari extended these results to a broader setting of Lie
groups with polynomial volume growth, replacing the Laplacian with
a Hörmander-type sub-Laplacian (Adv. Math., 2007).

5 Certain Metric measure spaces (X , d , µ) and positive self-adjoint
operators L on L2(X ) generating an ultracontractive semigroup
(Ciatti et al., Adv. Math., 2007; Martini, Math. Z., 2010).
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Lp-HPW inequality

1 Assume that β, δ ∈ (0,∞), p, q, r ∈ [1,∞), and that

α+ β

p
=

α

r
+

β

q
.

Then, there exists a constant C > 0 such that for any f ∈ C∞
c (G ),

the following holds:

∥f ∥α+β
Lp(Rn) ≲α,β,n

∥∥∥ · ∥αf ∥∥β
Lq(Rn)

∥(−∆)
β
2 f ∥αLr (Rn).

2 Stratified Lie groups for p > 1 (Ciatti et al., Adv. Math. 2015).

3 Homogenous spaces (Dall’Ara and Trevisan, J. Geom. Anal., 2015)
with β = 1, p = q ≥ 1 and (−∆)1/2 replaced by an invariant gradient.

4 General metric measure spaces for p = q = r = α = β = 1
(Martin–Milman, J. Funct. Anal., 2016).
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Incorporating Fourier transform

1 Hausdroff–Young inequality: ∥f̂ ∥Lp′ (Rn) ≤ Cp∥f ∥Lp(Rn), p ∈ [1, 2].

2
∥∥| · |β f̂ ∥∥

Lp′ (Rn)
≲p ∥(−∆)

β
2 f ∥Lp(Rn).

3 Can the HPW inequality be sharpened by incorporating the Fourier
transform?

4 Let 1 ≤ p < 2. Suppose α, β ∈ (0,∞) are s.t β > n(1/p − 1/2).
Then

∥f ∥α+β
Lp(Rn) ≤ C (α, β, n, p)

∥∥| · |αf ∥∥β
Lp(Rn)

∥∥| · |β f̂ ∥∥α
Lp′ (Rn)

.

5 Steinerberger for p = 1 (Math. Res. Lett., 2021).

6 Xiao for 1 < p < 2 (J. Differential Equations, 2022).
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Harmonic analysis on the Heisenberg group

1 Consider the Heisenberg group Hn := Cn × R equipped with the
group law

(z , t).(w , s) :=
(
z + w , t + s +

1

2
ℑ(zw̄)).

This is a two-step nilpotent Lie group where the Lebesgue measure
dzdt plays the role of Haar measure.

2 The group Fourier transform of f ∈ L1(Hn) is an operator valued
function defined on non-zero reals by

f̂ (λ) :=

∫
Hn

f (z , t)πλ(z , t)dzdt

where πλ’s are Schrödinger representation of Hn given by

πλ(z , t)φ(ξ) = e iλte iλ(x ·ξ+
1
2
x ·y)φ(ξ + y),

where z = x + iy and φ ∈ L2(Rn).
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Harmonic analysis on the Heisenberg group

1 f̂ (λ) is a bounded linear operator on L2(Rn) and ∥f̂ (λ)∥op ≤ ∥f ∥1.

2 For 1 ≤ p < ∞, the Schatten p-class of L2(Rn) is defined as

Sp := {T ∈ B(L2(Rn)) : T compact and {sn(T )} ∈ ℓp(N)}.

3 It is known that if f ∈ L1(G ) ∩ L2(G ), then f̂ (λ) is a Hilbert–Schmidt
operator. We also have the following Plancherel formula∫

Hn

|f (z , t)|2dzdt = (2π)−(n+1)

∫ ∞

−∞
∥f̂ (λ)∥2HS |λ|ndλ.

4 Noncommutative version of Riesz–Thorin interpolation gives(∫
R∗

∥f̂ (λ)∥p
′

Sp′
|λ|n dλ

) 1
p′

≤ Cp∥f ∥Lp(Hn), 1 < p < 2.

5 δ̂r f (λ) = r−(2n+2)dr ◦ f̂ (r−2λ) ◦ d−1
r
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sub-Laplacian

1 We may consider elements of hn as left-invariant differential operators
acting on C∞(Hn).

2 Consider the following basis of of hn:

Xj =
∂

∂xj
+

1

2
yj

∂

∂t
, Yj =

∂

∂yj
− 1

2
xj

∂

∂t
, j = 1, 2, ..., n, T =

∂

∂t
.

3 The sub-Laplacian on Hn is defined by

L = −
n∑

j=1

(X 2
j + Y 2

j ).

4 As [Xj ,Yj ] = T , L is hypoelliptic.

5 An analogue of the situation −̂∆f (ξ) = f̂ (ξ)|ξ|2 is given by

L̂f (λ) = f̂ (λ)H(λ)

where H(λ) := −∆Rn + λ2∥x∥2.
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Spectral decomposition of H(λ)

1 hk(t) = (2k
√
πk!)

− 1
2

k Hk(t)e
−t2/2,

2 Hk(t) = (−1)k dk

dtk
(e−t2)et

2
, t ∈ R, k = 0, 1, 2, · · · .

3 For λ ∈ R∗, the scaled higher dimensional Hermite functions are
defined as

Φλ
α(x) := |λ|n/4

n∏
j=1

hαj (
√
|λ|xj), α ∈ (N ∪ {0})n, x ∈ Rn.

4 H(λ)Φλ
α = (2|α|+ n)|λ|Φλ

α, |α| =
∑n

j=1 αj .

5 For each λ ∈ R∗, the family {Φλ
α : α ∈ Nn} is an orthonormal basis

for L2(Rn).
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5 For each λ ∈ R∗, the family {Φλ
α : α ∈ Nn} is an orthonormal basis

for L2(Rn).
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Dilations and metric on Hn

1 On Hn, we have non-isotropic dilation:

δr (z , t) = (rz , r2t), (z , t) ∈ Hn, r > 0.

2 A homogeneous norm on Hn known as the Koranyi norm is given by

|(z , t)| = (|z |4 + 16t2)1/4.

3 Note that |δr (z , t)| = r |(z , t)|.

4 The Lebesgue measure of B((z , t), r) is cnr
2n+2.
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Lp-HPW inequality on the Heisenberg group

Theorem 1 (Ganguly-S., 2025).

Suppose p ∈ [1, 2), γ > 0, and β > (2n + 2)(1/p − 1/2). Then we have
the following.

1 Suppose p = 1. Then for all f ∈ L1(Hn), we have

∥f ∥γ+β
L1(Hn)

≲α,β

∥∥| · |γ∥∥β
L1(Hn)

(
sup
λ∈R∗

∥∥f̂ (λ)H(λ)
β
2

∥∥
op

)γ

.

2 Suppose p > 1. Then for all f ∈ Lp(Hn), we have

∥f ∥γ+β
Lp(Hn) ≲α,β,p

∥∥| · |γf ∥∥β
Lp(Hn)

(∫
R∗

∥∥f̂ (λ)H(λ)
β
2

∥∥p′
Sp′

|λ|n dλ
) γ

p′
.
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Sketch of the proof for p = 1

1 For a function g on Hn, and r > 0, define δrg(z , t) := g(δr (z , t)).

2 For a function on ϕ on Rn, we define drϕ(ξ) = ϕ(rξ).

3 δ̂r f (λ) = r−(2n+2)dr ◦ f̂ (r−2λ) ◦ d−1
r .

4 The Lp-HPW inequality remains invariant under dilation and
multiplication by a constant.

5 So, we may assume that ∥f ∥L1(Hn) =
∥∥| · |γ∥∥

L1(Hn)
= 1.

6 Suffices to prove supλ∈R∗
∥∥f̂ (λ)H(λ)

β
2

∥∥
op

≥ C > 0.

7 Assume that supλ∈R∗
∥∥f̂ (λ)H(λ)

β
2

∥∥
op

< ∞.

8 Then one can use the Plancherel’s formula to show that f ∈ L2(Hn).
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Sketch for p = 1

1 Prcisely, we break the right-hand side of∫
R∗

∥f̂ (λ)∥2HS |λ|n dλ =

∫
R∗

∑
α

∥f̂ (λ)Φλ
α∥2L2(Rn) |λ|

n dλ

into two parts as follows∫
R∗

( ∑
α:(2|α|+n)|λ|≤1

+
∑

α:(2|α|+n)|λ|>1

)
∥f̂ (λ)Φλ

α∥2L2(Rn) |λ|
n dλ

2 1 =
∫
Hn |(z , t)|γ |f (z , t)| dzdt ≥ aγ

∫
|(z,t)|≥a |f (z , t)| dzdt.

3 As ∥f ∥1 = 1, this implies 1− a−γ ≤
∫
|(z,t)|≤a |f (z , t)| dzdt.

4 Using Hölder’s inequality, we then obtain

(1− a−γ)2 ≤ (

∫
|(z,t)|≤a

dzdt)

∫
|(z,t)|≤a

|f (z , t)|2 dzdt

5 ∥f ∥22 ≥ a−2n−2(1− a−γ)2.
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4 Using Hölder’s inequality, we then obtain

(1− a−γ)2 ≤ (

∫
|(z,t)|≤a

dzdt)

∫
|(z,t)|≤a

|f (z , t)|2 dzdt

5 ∥f ∥22 ≥ a−2n−2(1− a−γ)2.
Jayanta Sarkar (IISER Thiruvananthapuram) Lp -HPW Inequalities 14 / 19



Sketch for p = 1

1 Prcisely, we break the right-hand side of∫
R∗

∥f̂ (λ)∥2HS |λ|n dλ =

∫
R∗

∑
α

∥f̂ (λ)Φλ
α∥2L2(Rn) |λ|

n dλ

into two parts as follows∫
R∗

( ∑
α:(2|α|+n)|λ|≤1

+
∑

α:(2|α|+n)|λ|>1

)
∥f̂ (λ)Φλ

α∥2L2(Rn) |λ|
n dλ

2 1 =
∫
Hn |(z , t)|γ |f (z , t)| dzdt ≥ aγ

∫
|(z,t)|≥a |f (z , t)| dzdt.

3 As ∥f ∥1 = 1, this implies 1− a−γ ≤
∫
|(z,t)|≤a |f (z , t)| dzdt.
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4 Using Hölder’s inequality, we then obtain

(1− a−γ)2 ≤ (

∫
|(z,t)|≤a

dzdt)

∫
|(z,t)|≤a

|f (z , t)|2 dzdt

5 ∥f ∥22 ≥ a−2n−2(1− a−γ)2.
Jayanta Sarkar (IISER Thiruvananthapuram) Lp -HPW Inequalities 14 / 19



Sketch for p = 1

1 Prcisely, we break the right-hand side of∫
R∗

∥f̂ (λ)∥2HS |λ|n dλ =

∫
R∗

∑
α

∥f̂ (λ)Φλ
α∥2L2(Rn) |λ|

n dλ

into two parts as follows∫
R∗

( ∑
α:(2|α|+n)|λ|≤1

+
∑

α:(2|α|+n)|λ|>1

)
∥f̂ (λ)Φλ

α∥2L2(Rn) |λ|
n dλ

2 1 =
∫
Hn |(z , t)|γ |f (z , t)| dzdt ≥ aγ

∫
|(z,t)|≥a |f (z , t)| dzdt.

3 As ∥f ∥1 = 1, this implies 1− a−γ ≤
∫
|(z,t)|≤a |f (z , t)| dzdt.
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dzdt)

∫
|(z,t)|≤a

|f (z , t)|2 dzdt

5 ∥f ∥22 ≥ a−2n−2(1− a−γ)2.
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Two estimates

∫
R∗

∑
α:(2|α|+n)|λ|≥c

∥f̂ (λ)Φλ
α∥2L2(Rn) |λ|

n dλ

=

∫
R∗

∑
α:(2|α|+n)|λ|≥c

(
2|α|+ n)|λ|

)−β∥f̂ (λ)H(λ)β/2Φλ
α∥2L2(Rn)|λ|

n dλ

≤
∥∥f̂ (λ)H(λ)

β
2

∥∥2
op

∫
R∗

∑
α:(2|α|+n)|λ|≥c

(
2|α|+ n)|λ|

)−β|λ|n dλ ≤ C1c
n−β+1.

Using Plancherel’s formula, we get∫
R∗

∑
α:(2|α|+n)|λ|≤c

∥f̂ (λ)Φλ
α∥2L2(Rn) |λ|

n dλ

= ∥f ∥22 −
∫
R∗

∑
α:(2|α|+n)|λ|≥c

∥f̂ (λ)Φλ
α∥2L2(Rn) |λ|

n dλ

≥ a−Q(1− a−γ)2 − C1c
n−β+1.
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Two estimates

As β > n + 1, we can choose c large and a > 0 accordingly so that last
quantity is positive. So,∫

R∗

∑
α:(2|α|+n)|λ|≤c

∥f̂ (λ)Φλ
α∥2L2(Rn) |λ|

n dλ ≥ C0.

But ∥f̂ (λ)∥op ≤ 1. This implies that∫
R∗

∑
α:(2|α|+n)|λ|≤c

∥f̂ (λ)Φλ
α∥L2(Rn) |λ|n dλ ≥ C0.

We now choose c1 > 0 such that∫
R∗

∑
α:c1≤(2|α|+n)|λ|≤c

∥f̂ (λ)Φλ
α∥L2(Rn) |λ|n dλ ≥ C0/2.
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Final step

Observe that∫
R∗

∑
α: c1≤(2|α|+n)|λ|≤c

∥∥f̂ (λ)Φλ
α

∥∥
L2(Rn)

|λ|n dλ

=

∫
R∗

∑
α: c1≤(2|α|+n)|λ|≤c

(
(2|α|+ n)|λ|

)−β/2∥∥f̂ (λ)H(λ)β/2Φλ
α

∥∥
L2(Rn)

|λ|n dλ

≤ c
−β/2
1

∫
R∗

∑
α: c1≤(2|α|+n)|λ|≤c

∥∥f̂ (λ)H(λ)β/2
∥∥
op

|λ|n dλ

≤ C2 sup
λ∈R∗

∥∥f̂ (λ)H(λ)β/2
∥∥
op
.
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Remarks

1 The proof for p ∈ (1, 2) adapts the L1 approach, but the greater
complexity of the Schatten p norm requires a more delicate analysis.

2 Our results actually true in a more general class of two-step nilpotent
Lie groups, namely the Métivier groups.
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Thank You
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